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A B S T R A C T

An analytical methodology of determining the system frequencies of a mechanically-connected beams system
and their corresponding mode shapes is proposed. The methodology is demonstrated by analyzing the me-
chanical system that is consisted of two cantilever beams coupled by a weak beam. The dynamics of the
considered system governed by linear partial differential equations of motion were discretized by means of
Galerkin’s method into five partial differential equations. Upon applying the mechanical boundary conditions
and imposing the continuity constraints which result of twenty boundary conditions, the boundary-value
problem (BVP) was significantly reduced to a set of only three linear homogeneous algebraic equations. The
latter was only function of three constants and the corresponding system natural frequency. To validate the
presented methodology, the analytical results were compared with these obtained numerically using commercial
finite element software. Results from the proposed analytical method show an excellent agreement in terms of
the mode shapes and natural frequencies with the numerically-predicted results. Furthermore, the effects on the
system natural frequencies upon changing the location of coupled weak beam to the two cantilever beam as well
as its corresponding length are also investigated.

Introduction

Mechanically-connected beams have recently attracted the attention
of many engineers and researchers in many applications such as filters,
switches, energy harvesters and structural supports [1,2]. This rises the
importance of studying the beams vibrations and dynamics in designing
and understanding the static and dynamic responses theoretically,
computationally, and experimentally. Even though several numerical
methods generated using finite-element packages usually give very ac-
curate (approximate) results of the system natural frequencies and their
corresponding mode shapes, they fail to give an insight or an under-
standing of the problem, and they are constrained by convergence
drawbacks and their computational expenses. Therefore, analytical ap-
proaches are usually utilized to study beam structures in order to fully
understand the dynamics of the structure as well as the effect of each
interest parameters. Even though several beam theories were introduced
and beams with different support configurations were explored, there
have been few attempts in studying the dynamics and vibrations of
multi-connected beam structures using continuous (distrib-
uted-parameter) systems. Finding the system natural frequencies, the
mode shapes, and the equations of motion are crucial in designing and

analyzing multi-connected beam structures.
In this work, an analytical methodology of determining the system

frequencies as well as their corresponding mode shapes of a
mechanically-connected beam in a closed-form expression is presented.
It is preferable to study analytically the dynamics and vibrations of
multi-connected beam structures in order to have a clear and deeper
insight into the relationship among the performance metrics such as
boundary conditions and structural material properties, cross-sectional
geometry, and overall dimensions. The understanding of these under-
lying relationships among these metrics helps the engineers in their
designing process for such multi-connected beam structures. Further-
more, the analytical expressions can be easily handled compared to the
numerical approaches using for instance the finite-element method.
Upon deriving the closed-form expression of the system natural fre-
quencies and their mode shapes by developing the reduced-order models
of the considered coupled-beam systems, it becomes quite straightfor-
ward to determine the effects of one or even more system metrics on the
system response as well as to characterize the nonlinear static and dy-
namic of the structure. These analyses based on the analytical approach
are more robust and accurate compared to the numerical techniques.

There are many theories used to describe the behavior of beams;
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Euler-Bernoulli beam theory, Timoshenko beam theory, Rayleigh the-
ory, Layerwise theories, … etc [3–6]. The beam theories are usually
classified based on the order of the polynomial used in the displacements
approximation throughout the beam thickness [2,7,8]. The effect of
mid-plane stretching and inertia nonlinearity (i.e., transverse motion
curvature of a beam) in transverse vibration of fixed-fixed, simply--
supported, and inextensional (with one end is fixed and the other is
either free or sliding) beams requires nonlinear theories. The free vi-
bration of a equally-distant simply-supported (hinged ends) are
analyzed by Woinowsky-Krieger [9] and Burgreen [10]. Evensen [11]
studied the effect of mid-plane stretching on the vibrations of a uniform
beam with fixed ends for simply supported, clamped, and
clamped-simply supported cases. The geometric and inertia terms are
the main contribution of the effective nonlinearity in the beams. Bolotin
[12] showed that the nonlinearity effects from the beam inertia are more
significant than the nonlinearity effects from the beam geometry, where
Atluri [13] showed that the nonlinear effects of the two terms depend on
the mode number in axial vibration of a hinged beam whose one end is
free.

Upon deriving the analytical expression of nonlinear equations of
motion of inextensional isotopic beams in flexural-flexural-torsional
motion, Crespo da Silva and Glynn [14,15] showed that the magni-
tude order of the nonlinearities arising from the geometric curvature are
the same with the magnitude order due to the nonlinearities arising from
the beam inertia. Furthermore, Pai and Nayfeh [16] considered the
nonlinearlity of cantilever beams and demonstrated that the nonline-
arity effects due to beam geometry is dominant in the first mode
(hardening type), where it is due to beam inertia in the second and
higher modes (softening type). Crespo da Silva and Zaretzky [17]
studied the nonlinear effects of beams exhibiting pitching and bending
in space and derived the corresponding nonlinear equations of motion
using variational principle while accounting the nonlinearity effects due
to gravity gradient and deformation.

Han et al. [18] investigated the vibration of beams by obtaining the
corresponding equations of motions with different supporting condi-
tions: free-free, clamped-clamped, hinged-hinged, and clamped-free
beams, while using different beam theories: Euler-Bernoulli theory,
Rayleigh theory, shear theory, and Timoshenko theory. Arafat [19]
studied the nonlinear and nonplanar steady-state response of a canti-
lever beam to direct and parametric harmonic excitation using a
perturbation technique. Emam [20] extended Galerkin method to a

multi-mode system by developing what is known Galerkin discretization
model that is capable of analyzing beams and shells systems that possess
quadratic and cubic nonlinearities. The concept of the developed dis-
cretization model is to reduce the spatial and temporal governing partial
differential equations of motion into a set of nonlinearly coupled
ordinary-differential equations in a time coordinate only. Malatkar [7]
studied the nonlinear vibrations of metallic cantilever beams and plates
subjected to transverse harmonic excitation, and observed that the en-
ergy transfer between the widely spaced modes is a function of the
closeness of modulation frequency to the natural frequency of the first
mode.

Hammad [21,22] studied the vibration of mechanically-coupled
beam resonators that are clamped at both ends and analytically calcu-
lated the natural frequencies, and hence, the mode shapes as well as
determined the critical buckling loads. Such application of
mechanically-coupled beam resonators is found in micromechanical
beam filters. Gurbuz et al. [23] presented a coupling spring design for a
microelectromechanical (MEMS) filter that follows
mechanical-electrical-mechanical domain. Ding et al. [24] investigated
the natural frequency of nonlinear coupled planar vibration for axially
moving beams in the supercritical transport speed range. Arora [25]
studied experimentally free vibrations of cantilever beams of different
materials and compared the results with the ones found using
Finite-Element Method (FEM).

Recent advancements have highlighted the improvements in dy-
namic modeling and natural frequency analysis of connected beam
systems, particularly under various boundary conditions and material
properties. For instance, Ma et al. [26] developed a dynamic model for
rotating laminated beams, considering the foreshortening effect to
improve accuracy in resonant speed calculations. Similarly, Kim et al.
[27] analyzed the natural frequency of elastically connected
double-beam systems using the Haar wavelet method under various
boundary conditions, providing new insights into the dynamic response
of such systems. Additionally, recent research on functionally graded
piezoelectric beams has shown the influence of thermal effects and
design parameters on their static and dynamic behavior, which is crucial
for understanding smart structure applications [28]. Recent advance-
ments have further explored the nonlinear forced vibration and stability
of axially moving beams with internal hinges, employing techniques
such as Hamilton’s principle and numerical tools like the MatCont
toolbox to analyze amplitude-frequency response characteristics under

Fig. 1. (a) A schematic drawing, (b) a schematic model of a mechanical system made of two clamped-free beams connected by a weak coupling beam, and (c) a
schematic diagram of one of the primary beams.
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varying conditions [29].
The influence of external control parameters such as mass pertur-

bation and DC voltage bias has been shown to significantly impact the
frequency response and dynamic behavior of mechanically coupled
systems. Recent work by Rabenimanana et al. (2022) investigates the
equivalence between mass perturbation and DC voltage bias in coupled
MEMS resonators, revealing that small changes in the DC voltage can
produce shifts in natural frequency similar to those induced by mass
changes. This provides a new perspective on the inherent nonlinear ef-
fects and suggests practical applications in mass sensing, without
requiring the complexities of mass deposition. This insight can be
beneficial for the development of enhanced sensitivity in coupled beam
structures through control of external actuation parameters, aligning
with the need for improved dynamic modeling and response analysis in
multi-connected beam systems [30]. Recent advancements in MEMS
resonator-based mass sensing techniques have demonstrated significant
improvements in sensitivity and robustness. For instance, Najar et al.
[31] developed a multi-physics model of an electrostatic MEMS reso-
nator consisting of an array of mechanically-coupled beams and inves-
tigated its use for mass detection. The study demonstrated that
incorporating a differential capacitive sensing mechanism, along with
electrostatic actuation, enhances sensitivity significantly by leveraging
mode localization and nonlinear effects, such as bifurcation and soft-
ening, to detect mass perturbations precisely. These advancements are
particularly relevant to our study of mechanically connected beams, as
they offer promising approaches to improve mass sensitivity in similar
coupled systems.

Although Hammad [21,22] proposed a closed-form expressions of
the natural frequencies and mode shapes for mechanically-coupled
clamped-clamped beams via a weak beam, this work considers a
mechanically-coupled system that is consisted of clamped-free beams
connected via a weak beam. The problem formulation utilizes the the-
ories corresponding to the continuous (distributed-parameter) system.
In the following sections, the governing equations of the linear vibration
problem were derived with the associated boundary conditions. The
corresponding eigenvalue problem was discussed and manipulated to
reduce the system order from which the natural frequencies and mode
shapes were computed. The obtained results were then validated using
commercial finite element software (ANSYS and COMSOL). In addition,
the effects on the system natural frequencies upon changing the location
of coupled weak beam to the two cantilever beam as well as its corre-
sponding length are also investigated and studied.

Problem formulation

Consider a mechanical system that is shown in Fig. 1(a) which con-
sists of two clamped-free cantilever beam resonators, also known as the
primary beams, whose lengths, L, are equal. The two beams are coupled
via a third weak beam, referred to as coupling beam, whose length is Lc.
The coupling of the weak beam to the two primary beams divides the
latter into two parts as shown in Fig. 1(b). The first and second parts of
each of the primary beams will be distinguished by the subscripts 1 and
2, respectively. The left primary beam is referred to as the input beam
and will be designated using the subscript i, where the right primary
beam is referred to as the output beam and will be designated using the
subscript o. The subscript c refers to quantities related to the coupling
beam. The beams are referred to as input and output resonators because
they function as components of a microelectromechanical system
(MEMS) filter. The input resonator receives the mechanical or vibra-
tional signal, and the output resonator delivers the filtered signal. This
design specifically targets microfilter applications, where frequency
selectivity and signal modulation are critical. The mechanically-coupled
beams system allows for efficient signal filtering, which is essential for
applications in MEMS RF filters and other communication systems. The
spatial coordinates, x, starts at the clamped end, i.e., x = 0, and ends at
the free end, i.e., x = L. As depicted in Fig. 1(b), the primary resonators

are coupled by the coupling beam at the corresponding spatial locations
x = Li and x = Lo for input i and output o beams, respectively.

Upon utilizing the Hamilton/Lagrangian principle, the equations of
motion of the mechanical system in Fig. 1(a) that describes its dynamics
and vibrations will constitute of five partial differential equations (each
parts of the primary beams governs by one equation of motion and one
for the coupling beam) [32]. The enforcement of clamped and free
boundary conditions at both ends of the primary beams will result of
eight constraints (four boundary constraints for each primary beams),
and the imposing of continuity conditions in terms of deflection, slope,
and moment at the coupling positions will result of twelve constraints.
The resulting boundary-value problem (BVP) will then be transformed
by means of Galerkin’s method into a system of twenty linear homo-
geneous algebraic equations with twenty unknown constants and the
system natural frequency. The latter will be further reduced to a set of
only three linear homogeneous algebraic equations with three unknown
constants and the system natural frequency. Upon enforcing singularity
behavior of the resulting coefficient matrix of the reduced problem to
avoid having trivial solution, the characteristic equation can be obtained
through setting the determinant of the matrix to zero, and hence, one
can determine the natural frequencies and the mode shapes of the
considered mechanical system, Fig. 1.

Governing equations

The Euler-Bernoulli beam theory is utilized here to derive the gov-
erning equations of motion for the mechanical system, Fig. 1. The free
vibration responses of the lateral displacements, assuming linear un-
damped behavior, for each segments of the primary beams as well as the
coupling beams are governed by the following five partial differential
equations,

EI
∂4wi,1

∂x4 + Ni
∂2wi,1

∂x2 + ρA ∂2wi,1

∂t2 = 0, for 0 < x < Li (1a)

EI
∂4wi,2

∂x4 + Ni
∂2wi,2

∂x2 + ρA ∂2wi,2

∂t2 = 0, for Li < x < L (1b)

EI
∂4wo,1

∂x4 + No
∂2wo,1

∂x2 + ρA ∂2wo,1

∂t2 = 0, for 0 < x < Lo (1c)

EI
∂4wo,2

∂x4 + No
∂2wo,2

∂x2 + ρA ∂2wo,2

∂t2 = 0, for Lo < x < L (1d)

EIc
∂4wc

∂x4 + Nc
∂2wc

∂x2 + ρAc
∂2wc

∂t2 = 0, for 0 < x < Lc (1e)

where x is the spatial coordinate (position) defined along each of the
beams’ axis, Fig. 1(b) and (c); t is the temporal coordinate (time); w(x, t)
is transverse deflection of the beam; E is the Young’s modulus; I is the
cross-sectional second moments of inertia of the beams; ρ is the material
density; A is the cross-sectional areas of the beams; x = Li and x = Lo are
the coordinates (locations) where the input, i, and output, o, primary
beams are coupled with the weak beam; L is the corresponding length of
the input and output primary beam; Lc is the corresponding length of the
coupling beam; and Ni, No, and No are the applied compressive axial
forces in the primary input, primary output, and coupling beams,
respectively.

For convenience, the following nondimensional variables are intro-
duced:

ŵ =
w
L
, x̂ =

x
L
, t̂ =

t
T
,

li =
Li
L
, lo =

Lo
L
, lc =

Lc
L
,

Ni =
NiL2

EI
, No =

NoL2

EI
, Nc =

NcL2

EIc
,

(2)
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where the time T is given by T =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρAL4∕EI

√
and has a unit of second.

Upon substituting of Eq. (2) into the equations of motion, Eq. (1), one
can obtain the following nondimensional partial differential equations
(after dropping the hats),

∂4wi,1

∂x4 + Ni
∂2wi,1

∂x2 +
∂2wi,1

∂t2 = 0, for 0 < x < li (3a)

∂4wi,2

∂x4 + Ni
∂2wi,2

∂x2 +
∂2wi,2

∂t2 = 0, for li < x < 1 (3b)

∂4wo,1

∂x4 + No
∂2wo,1

∂x2 +
∂2wo,1

∂t2 = 0, for 0 < x < lo (3c)

∂4wo,2

∂x4 + No
∂2wo,2

∂x2 +
∂2wo,2

∂t2 = 0, for lo < x < 1 (3d)

∂4wc

∂x4 + Nc
∂2wc

∂x2 +

(
h
hc

)2∂2wc

∂t2 = 0, for 0 < x < lc (3e)

where h is the beam thickness. The subscript c in hc states that hc is the
corresponding thickness of the coupling beam.

Boundary conditions

For the fixed (clamped) beam support at x = 0, the transverse
deflection and slope vanish where, on the other hand, the shear force
and bending moment are unrestricted. Furthermore, the transverse
deflection and slope are unrestricted at the beam free-end support, x= 1
(at the physical location of x = L), where the shear force and bending
moment vanish. Therefore, the boundary conditions can be stated as,

wi,1(0, t) = 0,
∂wi,1

∂x ∣
x=0

= 0, wo,1(0, t) = 0,
∂wo,1

∂x ∣
x=0

= 0 Fixed-end (4a)

∂2wi,2

∂x2 ∣
x=1

= 0,
∂3wi,2

∂x3 ∣
x=1

= 0,
∂2wo,2

∂x2 ∣
x=1

= 0,
∂3wo,2

∂x3 ∣
x=1

= 0 Free-end (4b)

At the attachment points of the input and output primary beams with the
coupling beam, x = li and x = lo (at the physical locations of x = Li and x
= Lo), the continuity of deflection, slope, and moment holds. Therefore,
the continuity conditions can be stated as,

wi,1(li, t) = wi,2(li, t),
∂wi,1

∂x ∣
x=li

=
∂wi,2

∂x ∣
x=li

,
∂2wi,1

∂x2 ∣
x=li

=
∂2wi,2

∂x2 ∣
x=li

(5a)

wo,1(lo, t) = wo,2(lo, t),
∂wo,1

∂x ∣
x=lo

=
∂wo,2

∂x ∣
x=lo

,
∂2wo,1

∂x2 ∣
x=lo

=
∂2wo,2

∂x2 ∣
x=lo

(5b)

Similarly, the coupling beam deflections, wc(0, t) and wc(lc, t), at the
attachment points x = 0 and x = lc (in terms of the spatial coordinate
corresponding the coupling beam axis, x = 0 and x = Lc) should equal to
the corresponding deflections of the input and output primary beams at
their attachment points, x = li and x = lo with their respect to beam axis
coordinate. Furthermore, the slope of the coupling beam deflection at
the attachment points x = 0 and x = lc should vanish. Therefore, these
conditions can be stated as,

wc(0, t) = wi,1(li, t), wc(lc, t) = wo,1(lo, t),
∂wc

∂x ∣
x=0

= 0,
∂wc

∂x ∣
x=lc

= 0 (6)

Finally, the resultant shear forces in the coupling beam at the beginning,
x = 0, and the end, x = lc, should equal to the induced changes of the
shear forces in the primary input, x = li, and output, x = lo, beams,
respectively. These statements yield to the following conditions,

∂3wi,1

∂x3 ∣
x=li

−
∂3wi,2

∂x3 ∣
x=li

=
Ic
I

∂3wc

∂x3 ∣
x=0

,
∂3wo,1

∂x3 ∣
x=lo

−
∂3wo,2

∂x3 ∣
x=lo

= −
Ic
I

∂3wc

∂x3 ∣
x=lc

(7)

where I and Ic are the cross-sectional moments of inertia of the primary
and coupling beams, respectively.

Eigenvalue problem

Natural frequencies

The equations of motion, Eqs. (3), can be solved using the separation
of variables method. The solutions of the lateral displacements will as-
sume to be consisted of a spatial function ϕ(x) that corresponds to the
mode shape of the considered beam and a temporal harmonic function
ejωt where ω is the nondimensional natural frequency corresponding to
these mode shapes, namely

wi,1(x, t) = ϕi,1(x)ejωt , for 0 < x < li (8a)

wi,2(x, t) = ϕi,2(x)ejωt , for li < x < 1 (8b)

wo,1(x, t) = ϕo,1(x)ejωt , for 0 < x < lo (8c)

wo,2(x, t) = ϕo,2(x)ejωt , for lo < x < 1 (8d)

wc(x, t) = ϕc(x)ejωt , for 0 < x < lc (8e)

Substitution of the general solution of the beam transverse displace-
ments, Eqs. (8), into the mechanical system equations of motion, Eqs.
(3), yields the following ordinary differential equations in the spacial
(mode shapes) functions,

ϕiv
i,1(x) + Niϕ́ (́x) − ω2ϕi,1(x) = 0, for 0 < x < li (9a)

ϕiv
i,2(x) + Niϕ́ (́x) − ω2ϕi,2(x) = 0, for li < x < 1 (9b)

ϕiv
o,1(x) + Noϕ́ (́x) − ω2ϕo,1(x) = 0, for 0 < x < lo (9c)

ϕiv
o,2(x) + Noϕ́ (́x) − ω2ϕo,2(x) = 0, for lo < x < 1 (9d)

ϕiv
c (x) + Ncϕ́ (́x) −

(
h
hc

)2

ω2ϕc(x) = 0, for 0 < x < lc (9e)

In order to solve the previous ordinary differential equations, the
boundary conditions, Eqs. (4) through (7), should be written in terms of
the spatial function ϕ(x). Upon direct substitution of Eq. (8), the
boundary conditions of the primary beams at the clamped and free
supports, Eqs. (4), can be restated as

ϕi,1(0) = 0, ϕ́ i,1(0) = 0, ϕo,1(0) = 0, ϕ́ o,1(0) = 0 Fixed-end
(10a)

ϕ́ í,2(1) = 0, ϕ́ʹ́i,2(1) = 0, ϕ́ ó,2(1) = 0, ϕ́ʹ́o,2(1) = 0 Free-end
(10b)

the continuity conditions in terms of deflection, slope, and moment in
the primary beams at the attachment points, Eqs. (5), can be restated as

ϕi,1(li) = ϕi,2(li), ϕ́ i,1(li) = ϕ́ i,2(li), ϕ́ í,1(li) = ϕ́ í,2(li) (11a)
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ϕo,1(lo) = ϕo,2(lo), ϕ́ o,1(lo) = ϕ́ o,2(lo), ϕ́ ó,1(lo) = ϕ́ ó,2(lo) (11b)

the continuity conditions in terms of deflection and slope in the coupling
beam at the attachment points, Eqs. (6), can be restated as

ϕc(0) = ϕi,1(li), ϕc(lc) = ϕo,1(lo) (12a)

ϕ́ c(0) = 0, ϕ́ c(lc) = 0 (12b)

and the conditions of the resultant shear forces in the coupling beam
with respect to the induced changes of the shear forces in the primary
beams, Eqs. (7), can be restated as

ϕ́ʹ́i,1(li) − ϕ́ʹ́i,2(li) = Ic
I

ϕ́ʹ́c(0) (13a)

ϕ́ʹ́o,1(lo) − ϕ́ʹ́o,2(lo) = −
Ic
I

ϕ́ʹ́c(lc) (13b)

It is worthwhile to mention that the order of each of the ordinary dif-
ferential equations in Eqs. (9) is four, and hence, the general solution for
each of the five differential equations will consists of four unknown
constants, i.e., a total of twenty constants for the five the differential

equations. On the other hand, there are twenty constraints in terms of
boundary and continuity conditions to be imposed, Eqs. (10) to (13).

Assuming a general solution of the form of ϕ(x) = aexp(βx), the
general solutions of Eqs. (8) are

ϕi,1(x) = C1cos[βi1x] + C2sin[βi1x] + C1acosh[βi2x] + C2asinh[βi2x], for 0

< x < li
(14a)

ϕi,2(x) = C3cos[βi1(1 − x)] + C4sin[βi1(1 − x)] + C3acosh[βi2(1 − x)]

+ C4asinh[βi2(1 − x)], for li
< x < 1

(14b)

Table 1
Specifications of the mechanically-connected beam of Fig. 1 from reference [21,
22].

Beam Length, L(μm) Width, b(μm) thickness, h(μm)

Primary beam 40.80 8.00 1.90
Coupling beam 20.35 0.75 1.90

Fig. 2. First mode shape of the mechanically-connected beams system of Fig. 1: mode shape of the (a) primary input beam, (b) primary output beam, (c) coupling
beam, and (d) whole mechanical structure.

Table 2
Natural frequencies (in MHz) of the mechanically-connected beams system in
Fig. 1.

Mode
shape

Natural Frequency

# Analytical ANSYS (Difference in %) COMSOL (Difference in %)

1 1.489 1.514 (1.69) 1.515 (1.73)
2 1.490 1.516 (1.71) 1.517 (1.78)
3 9.328 9.413 (0.92) 9.414 (0.93)
4 9.336 9.423 (0.93) 9.425 (0.95)
5 26.025 25.868 (0.6) 25.840 (0.70)
6 26.109 26.122 (0.05) 26.132 (0.09)
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ϕo,1(x) = C5cos[βo1x] + C6sin[βo1x] + C5acosh[βo2x]

+ C6asinh[βo2x], for 0

< x < lo (14c)

ϕo,2(x) = C7cos[βo1(1 − x)] + C8sin[βo1(1 − x)] + C7acosh[βo2(1 − x)]

+ C8asinh[βo2(1 − x)], for lo
< x < 1

(14d)

ϕc(x) = C9cos[βc1x] + C10sin[βc1x] + C11cosh[βc2x]

+ C12sinh[βc2x], for 0

< x < lc (14e)

where C1, C2,…, C12, C1a, C2a,…, C8a are the unknown coefficients to be
determined from the boundary and continuity conditions, and the con-
stants β’s are given by

βi1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

+
Ni

2
+
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

N2i + 4ω2
√√

, βi2 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
Ni

2
+
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

N2i + 4ω2
√√

(15a)

βo1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

+
No

2
+
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

N2o + 4ω2
√√

, βi2 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
No

2
+
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

N2o + 4ω2
√√

(15b)

βc1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

+
Nc

2
+
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

N2c + 4
(
h
hc

)2

ω2

√√
√
√
√

, βc2

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
Nc

2
+
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

N2c + 4
(
h
hc

)2

ω2

√√
√
√
√ (15c)

Imposing the conditions of Eqs. (10) through (13) into the general so-
lution of the spatial functions, Eqs. (14), leads to a linear homogeneous
system of twenty algebraic equations. The resultant system can be
written in a matrix form as

MC = 0 (16)

where M ∈ R20×20 is the coefficient matrix, C ∈ R20×1 is a vector con-
taining the unknown coefficients (C1, C2, …, C12 and C1a, C2a, …, C8a),
and 0 ∈ R20×1 is a zero vector. The elements of the coefficient matrixM
are functions of the mechanical structure dimensions as well as the
system natural frequency impeded in the constants β.

Reduction of the eigenvalue problem

To avoid having trivial solution, i.e., C= 0 of Eq. (16), the coefficient
matrix M should be singular, i.e., its determinant should equal to zero.
To have a clear and deeper insight into the relationship among the
system unknowns as well as to reduce the complexity and the cost when
generating the determinant of the coefficient matrix M, Eqs. (14) were
analytically manipulated to reduce the number of unknown coefficients.
Upon satisfying the boundary conditions of Eqs. (10), the constants Cja

Fig. 3. Second mode shape of the mechanically-connected beams system of Fig. 1: mode shape of the (a) primary input beam, (b) primary output beam, (c) coupling
beam, and (d) whole mechanical structure.
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can be written in terms of the constants Cj. Hence, Eq. (14) can be
rewritten as,

ϕi,1(x) = C1{cos[βi1x] − cosh[βi2x] } + C2{sin[βi1x] − sinh[βi2x] }, for 0

< x < li
(17a)

ϕi,2(x) = C3{cos[βi1(1 − x)] − cosh[βi2(1 − x)] }

+ C4{sin[βi1(1 − x)] − sinh[βi2(1 − x)] }, for li
< x < 1 (17b)

ϕo,1(x) = C5{cos[βo1x] − cosh[βo2x] } + C6{sin[βo1x] − sinh[βo2x] }, for 0

< x < lo
(17c)

ϕo,2(x) = C7{cos[βo1(1 − x)] − cosh[βo2(1 − x)] }

+ C8{sin[βo1(1 − x)] − sinh[βo2(1 − x)] }, for lo
< x < 1 (17d)

ϕc(x) = C9cos[βc1x] + C10sin[βc1x] + C11cosh[βc2x]

+ C12sinh[βc2x], for 0

< x < lc (17e)

This reduces the number of the unknown constants from twenty con-
stants to twelve constants. Substitution of Eqs. (17) into (11a), (11b),
(12b) and (13) a results of nine equations for the Cj to be solved in terms
of the constants C1, C5, and C9 [32]. The latter constants correspond to

the input, output, and coupling beams, respectively. The imposing of the
remaining three conditions, (12a) and (13)b, yields the following
reduced problem

MrCr = 0 (18)

where Mr ∈ R3×3 is known as the reduced coefficient matrix and the
vector Cr ∈ R3×1 contains the three unknown constants, C1, C5, and C9,
namely

Mr =

⎡

⎣
g11 g12 g13
g21 g22 g23
g31 g32 g33

⎤

⎦, Cr =

⎧
⎨

⎩

C1
C5
C9

⎫
⎬

⎭
(19)

where the elements gmn for m, n = 1, 2, 3 are functions of the system
natural frequency ω that impeded in the constants β, Eqs. (15), and the
zero vector, in this case, is 0 ∈ R3×1. The characteristic equation of the
mechanical system from which the natural frequencies can be deter-
mined is obtained by setting the determinant of the reduced coefficient
matrix Mr equal to zero, i.e., det[Mr] = 0.

Mode shapes of the mechanically-connected beams

The resultant transcendental equation when setting det[Mr] = 0 has
infinite solutions of ω, and for each solution, ωn, there is a corresponding
mode shape. The latter can be obtained by directly substituting the value
of ωn into Eq. (15) to obtain the corresponding numerical values of β’s,
where these β’s values were substituted into Eq. (17). Finally, numerical
relations among the unknown constants when imposing the boundary
conditions will end up with

Fig. 4. Third mode shape of the mechanically-connected beams system of Fig. 1: mode shape of the (a) primary input beam, (b) primary output beam, (c) coupling
beam, and (d) whole mechanical structure.
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a1C1 + a2C5 = 0 (20)

Depending on the value of the system natural frequency ωn, one of the
following two cases is observed for the constants’ values a1 and a2:

1. If a1 = a2, then C1 = − C5 which makes the primary beams vibrate
out-of-phase (anti-symmetric mode) with respect to each other.

2. If a1= − a2, then C1= C5 which makes the primary beams vibrate in-
phase (symmetric mode) with respect to each other.

By setting one of the constants, C1 in this case, equals to one, the

numerical values for all of the C’s in Eq. (17) can be found, and hence,
their corresponding mode shape for the system natural frequency ωn.

Normalization of mode shapes

Because the system of the algebraic equations, Eq. (16), is linear and
homogeneous, then αC is a solution of the algebraic equations given that
the vector C is a solution and α is an arbitrary constant. Therefore, the
mode shapes corresponding to the system natural frequency ωn are
unique for a certain constant, α. Hence, the mode shapes can then be

normalized by setting
∫ x2

x1
[αϕn(x)]

2dx = 1 or α =
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫ x2
x1

ϕ2n(x)dx
√ (21)

where ϕ(x) is the mode shape associated with the system natural fre-
quency ωn. Finally, the topology of the considered structure, Fig. 1, and
the reduced-order model analysis suggest that the constant αr corre-
sponding to the frequency ωr and associating with the mode shape ϕr is
given by

Results and discussion

The developed methodology is employed to study the mechanically-
connected beam as shown in Fig. 1. Such system was used as micro filter
that was fabricated and tested by Hammad et al. [21,22]. Table 1 lists
the design parameters needed in the analysis of the considered
mechanically-connected beam; the geometric dimensions and the ma-
terial properties of the micro filter [21,22]. The input and output

Fig. 5. Fourth mode shape of the mechanically-connected beams system of Fig. 1: mode shape of the (a) primary input beam, (b) primary output beam, (c) coupling
beam, and (d) whole mechanical structure.

αr =

(∫ li

o
ϕ2i,1(x)dx+

∫ 1

li
ϕ2i,2(x)dx+

∫ lo

o
ϕ2o,1(x)dx+

∫ 1

lo
ϕ2o,2(x)dx+

Ac

A

∫ lc

o
ϕ2c (x)dx

)− 1∕2

(22)
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primary beams are coupled with the weak beam at x= Li= Lo= [4.08] μ
m. The beams, primary and coupling, are made of Polysilicon material
with a Young’s modulus of E = [150] GPa and a mass density of ρ =

[2300]kg∕m3.

Closed-form expression of the mode shapes

In this section, the previously discussed methodology in the pre-
ceding sections was employed to find the closed-form expressions of the
mode shapes for the mechanically-connected beams, Fig. 1. To avoid
unnecessary repetition in obtaining higher mode shapes, only the first
mode shape for the mechanical system with the specifications listed in
Table 1 is considered. In this analysis, all the beams are assumed to be
free of residual stresses; that is, no compressive axial loads Ni = No = Nc
= 0.

The first nondimensional natural frequency of the mechanically-
connected beams system, i.e., the corresponding smallest solution of
the characteristic equation associated with det[Mr] = 0, is ω1 = 3.515 =
[1.489]MHz. Upon substituting the numerical value of the fundamental
natural frequency into the remaining boundary conditions, one can
obtain C1 = C5, hence, a symmetric mode. By setting C1 equals to one,
the numerical values for all of the C’s in Eqs. (17) can be found. Using
the normalization condition given in Eq. (21), αr was found to be αr =
0.707 and, hence, the following normalized closed-form expression of
the first global mode shape for the mechanically-connected beams sys-
tem is

ϕi,1(x) = 0.707{cos[1.875x] − cosh[1.875x] } − 0.519{sin[1.875x]
− sinh[1.875x] }, for 0 < x < li

(23a)

ϕi,2(x) = − 0.707{cos[1.875(1 − x)] − cosh[1.875(1 − x)]}
− 0.519{sin[1.875(1 − x)] − sinh[1.875(1 − x)]}, forli<x<1

(23b)

ϕo,1(x) = 0.707{cos[1.875x] − cosh[1.875x] } − 0.519{sin[1.875x]
− sinh[1.875x] }, for 0 < x < lo

(23c)

ϕo,2(x) = − 0.707{cos[1.875(1 − x)] − cosh[1.875(1 − x)]}
− 0.519{sin[1.875(1 − x)] − sinh[1.875(1 − x)]}, for lo<x<1

(23d)

ϕc(x) = − 0.011cos[1.875x] − 0.0055sin[1.875x] − 0.0127cosh[1.875x]

+ 0.0055sinh[1.875x], for 0

< x < lc
(23e)

Fig. 2 illustrates the first mode of the mechanically-connected beams
system from the normalized expression defined in Eq. (23). In all mode
shapes shown in the rest of the paper, the normalization scheme is used
in the same way discussed above.

Fig. 6. Fifth mode shape of the mechanically-connected beams system of Fig. 1: mode shape of the (a) primary input beam, (b) primary output beam, (c) coupling
beam, and (d) whole mechanical structure.
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Validation of the results

In order to provide some results to compare with those obtained from
the presented methodology of the mechanical system in Fig. 1, a finite
element analysis (FEA) using ANSYS (ANSYS, Inc, Academic Research,
Release 16.2, 2015) and COMSOL multiphysics were prepared for vali-
dation purpose. A three-dimensional 10-node tetrahedral structural
solid element SOLID187 was employed. This element has a quadratic
displacement behavior and is well suited to modeling irregular meshes.
Each node of the 10-nodes has three degree of freedoms; only translation
motions in x, y and z directions. Reference [32] contains additional
details of the ANSYS and COMSOL employed models, the solution an-
alyses and the associated results. Using the modal analysis approach, the
analytically-determined and the numerically-predicted natural fre-
quencies of the mechanically-connected beams system are listed in
Table 2. The natural frequencies were obtained in Hz from the nondi-
mensional natural frequency, ω, using the following relation

f =
ω
2πT where T =

̅̅̅̅̅̅̅̅̅̅̅
ρAL4
EI

√

(23f)

where in case of the parameters given in Table 1, the time value is T =

3.758 × 10− 7 s. Inspecting the results in Table 2, the analytically-
determined natural frequencies obtained from the proposed analytical
approach in this paper agree very well with the numerically-predicted
natural frequencies from the numerical approaches; ANSYS and COM-
SOL. The excellent agreement is supported by the small percentage
difference error that is less than 2 %. Furthermore, the mode shapes of
the mechanically-connected beams system obtained from the proposed

approach, whether being in-phase or out-of-phase, and their order, are
in complete agreement with the ones obtained from the FEM. Reference
[32] also contains additional results using different coupling positions; li
= lo = 10 % (considered here), 20 %, 50 %, and 80 % away from
clamped-end. Even though the FE solution (ANSYS and COMSOL) pro-
vides all the frequencies and mode shapes of the mechanical system
(transverse motion, torsional motion, axial motion, or a combination of
these motions), only the frequencies and mode shapes in the transverse
motion are considered here.

Mode shapes

The first and second global mode shapes of the mechanically-
connected beams system of Fig. 1 are illustrated in Figs. 2 and 3,
respectively. As stated previously, the primary input and output beams
are oscillating in-phase in the first mode, Fig. 2. However, the primary
beams are oscillated out-of-phase in the second mode, Fig. 3. It is
worthwhile to mention that both of the input and output primary beams
in their first and second mode shapes vibrate in a similar way as the first
mode of a single clamped-free (cantilever) beam.

The third and fourth global mode shapes of the mechanically-
connected beams system of Fig. 1 are depicted in Figs. 4 and 5,
respectively. The primary input and output beams are oscillating in-
phase in the third mode, Fig. 4, and out-of-phase in the fourth mode,
Fig. 5. Both of the input and output primary beams in their third and
fourth mode shapes vibrate in a similar way as the second mode of a
clamped-free beam. There is a node as shown in Figs. 4 and 5 at a dis-
tance x∕L ≈ 0.8.

The fifth and sixth global mode shapes of the mechanically-

Fig. 7. Sixth mode shape of the mechanically-connected beams system of Fig. 1: mode shape of the (a) primary input beam, (b) primary output beam, (c) coupling
beam, and (d) whole mechanical structure.
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connected beams system of Fig. 1 are shown in Figs. 6 and 7, respec-
tively. The primary input and output beams are oscillating in-phase in
the fifth mode, Fig. 6, and out-of-phase in the sixth mode, Fig. 7. Both of
the primary beams in their fifth and sixth mode shapes vibrate in a
similar way as the third mode of a cantilever beam. There are two nodes
as shown in Figs. 6 and 7 which are located at a distance x∕L ≈ 0.5 and
0.8. The vibration amplitudes of the primary beams are much higher
(approximately 5 times) than the amplitude of the coupling beam for the
previous mode shapes, Figs. 2 to 7.

Fig. 8 shows the seventh global mode shape of the mechanically-
connected beams system of Fig. 1. For the given dimensions of the pri-
mary and coupling beams in Table 1, there is a mode shape after the
sixth one in which the vibrations of the coupling beam are dominant, i.
e., the vibrations of input and output primary beams are very small
compared to the coupling beam vibrations. This means that the seventh
mode corresponds to the first mode of the coupling beam oscillation. The
mode resemble to a mode of a single beam with slightly flexible
clamping points (finite rigidity of the clamping points). The seventh
natural frequency comes between the two coupled frequencies namely,
the fifth and sixth (61.45 and [61.65]rad∕s) and the eighth and ninth
(120.46 and [121.33]rad∕s). The modes appear at relatively high fre-
quencies due to our model focusing on transverse vibrations of the
beams, meaning the vibrations are perpendicular to the plane containing
the primary input, the primary output, and the coupling beams. Since
the flexural stiffness EI of the coupling beam in the in-plane direction is
about six times smaller than in the transverse direction, the in-plane
modes have lower frequencies. However, because the model assumes
transverse base actuation, the in-plane modes are not activated, justi-
fying the use of a transverse-vibration model exclusively.

Coupling location

The effects of changing coupling (attachment) location on the nat-
ural frequencies of the mechanical system of Fig. 1 are investigated. The
values of the natural frequencies are studied to observe the general
behavior of the frequencies as the attachment point is changing. The
variations of natural frequencies of the first and second modes, third and
fourth modes, and fifth and sixth modes with respect to the coupling
positions are illustrated in Fig. 9(a), (b), and (c) respectively.

Fig. 9(a) shows the variation of the first and second natural fre-
quencies with coupling position. Both frequencies start around 3.5 MHz.
Even though the value of the first natural frequency does not change
with the coupling position, the second natural frequency increases
rapidly to reach a value 2.5 times of the initial value. The variations of
the third and fourth natural frequencies with the coupling position are
depicted in Fig. 9(b). The difference of the third and fourth natural
frequencies which is an indicator of actual bandwidth of the system is
increasing as the coupling location approaches to the center of the pri-
mary beams and decreases to zero at x∕L = 0.8 and then increasing
again. The effect of changing the attachment location of the coupling
beam to the primary beams on the fifth and sixth natural frequencies is
shown in Fig. 9(c).

Coupling lengths

The effect of changing beam length, Lc, on the natural frequencies of
the mechanical system in Fig. 1 is depicted in Fig. 10 for different
coupling beam location. For the previous analyses, the coupling beam
was positioned at a distance Li = Lo = 10 % of the primary beam length,

Fig. 8. Seventh mode shape of the mechanically-connected beams system of Fig. 1: mode shape of the (a) primary input beam, (b) primary output beam, (c) coupling
beam, and (d) whole mechanical structure.
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L, away from clamped-end, i.e., Li= Lo= 0.1L= [4.08]μm. The coupling
beam now is placed at different locations away from the clamped ends
and its length was varied from Lc = 0.005 %L to 50 %L as illustrated in
Fig. 10.

Fig. 10(a) shows the variations of the lowest six natural frequencies
with the coupling beam length, Lc, when the coupling beam was placed
10 %L away from the clamped end. The first, third, and fifth natural
frequencies remain unchanged as the coupling beam length is varying.
The other natural frequencies are decreasing with the increasing of the
coupling beam length. The differences between the first and second,
third and fourth, and fifth and sixth natural frequencies decrease as the
coupling length increases till both values of the two successive fre-
quencies approach each other. When the coupling beam was placed
20 %L away from the clamped-end, the variations of the natural fre-
quencies with respect to the coupling beam length is illustrated in
Fig. 10(b). The same behavior is observed except that the differences
between two successive frequencies become larger. When the coupling
beam was placed 40 %L away from the clamped ends, Fig. 10(c) shows
the same behavior as the ones discussed previously in Figs. 10(a) and
(b).

Fig. 10(d) and (e) show an interesting behavior when the coupling
beam is placed 50 %L and 80 %L away from the clamped ends. The
attachment points, Lc = 50 %L and 80 %L, are nodes which occur at the
fifth and sixth and third and fourth mode shapes as shown in Figs. 6 and
7 and 4 and 5, respectively. As shown in Fig. 10(d), the fourth and the
fifth natural frequencies have almost identical values when Lc < 0.1L.
Whence Lc ≈ 0.1L, the three natural frequencies, i.e., forth, fifth, and
sixth, have the same values (crossing each other). The Fig. 10(d) shows
that beyond this point the fourth natural frequency will decrease as the
coupling beam length increasing. However, from a practical point of
view, the sixth natural frequency is the one that will decrease when it
crosses the point Lc = 10 %L where the other natural frequencies will
remain unchanged with the increasing of the coupling beam length. The
same concept is applied to the behavior in Fig. 10(e) where the second
and the third natural frequencies have identical values when Lc < 0.2L.
Whence Lc ≈ 0.2L, the three natural frequencies, i.e., second, third, and
forth, have the same values. This means that there are three coupled
frequencies when Li= Lo= 50 %L and Lc= 0.1L and when Li= Lo= 80 %
L and Lc = 0.2L. Fig. 10(e) shows that beyond this point the second
natural frequency will decrease as the coupling beam length increasing.

Fig. 9. Variations of the (a) first and second (b) third and fourth (c) fifth and sixth natural frequencies of the mechanically-connected beams system of Fig. 1 with the
attachment location.
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Fig. 10. Variation of the lowest six natural frequencies of the mechanically-connected beams system shown in Fig. 1 with respect to the coupling beam length, at
coupling position (a) 10 %, (b) 20 %, (c) 40 %, (d) 50 %, (e) 80 % and (f) 100 % away from clamped-end.
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However, from a practical point of view, the fourth natural frequency is
the one it will decrease when it crosses the point Lc = 20 %L where the
other natural frequencies will remain unchanged with the increasing of
the coupling beam length.

Fig. 10(f) shows the variation of the first six natural frequencies
when the coupling beam is attached at the free-ends. When the coupling
beam length was increased, the value of the second natural frequency
approaches the first natural frequency and so the forth and sixth fre-
quencies approach the third and fifth ones, respectively. The position
and/or the length of the coupling beam has a major impact on the
natural frequencies of the mechanically-connected beams system shown
in Fig. 1. The values of the natural frequencies can change widely and
thus can be used to enhance the dynamics of beams. Reference [32]

contains additional figures for different coupling beam locations.
To understand how the mechanically-connected beams system of

Fig. 1 behave in the crossing points of Fig. 10(d) and 10(e), the third,
fourth, fifth, and sixth mode shapes of the considered system when the
coupling beam of a corresponding length of Lc = 10 %L = [4.08]μm is
attached to the primary beams at Li= Lo= 50 %L= [20.4]μm are shown
in Fig. 11. The mode shapes were obtained using the COMSOL multi-
physics software for better visualization. It is clear that the third mode in
Fig. 11 is similar to the third mode of Fig. 4. However, the fourth mode
in Fig. 11 is similar to the fifth mode of Fig. 6, where the fourth mode of
Fig. 5 cannot be excited. Fig. 12 shows the first, second, third, and fourth
mode shapes of the mechanically-connected beams system of Fig. 1 with
attachment points at Li = Lo = 80 %L = [32.64]μm and a coupling beam

Fig. 11. The corresponding (a) third, (b) fourth, (c) fifth, and (d) sixth mode shapes of the mechanically-connected beams system of Fig. 1 with attachment points at
Li = Lo = 50 %L = [20.4]μm and a coupling beam length of Lc = 10 %L = [4.08]μm.

Fig. 12. The corresponding (a) first, (b) second, (c) third, and (d) fourth mode shapes of the mechanically-connected beams system of Fig. 1 with attachment points
at Li = Lo = 80 %L = [32.64]μm and a coupling beam length of Lc = 20 %L = [8.16]μm.
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length of Lc = 20 %L = [8.16]μm. Even though the first mode shape in
Fig. 12 looks similar to the first mode shape of Fig. 2, the second mode of
Fig. 3 was not excited as illustrated in Fig. 12. Therefore, the phenom-
enon corresponding to the crossing of mode shapes is observed when the
weak beam is coupled to one of the nodes of the lower modes.

Conclusions

The natural frequencies and mode shapes of a linear, undamped, and
unforced vibration problem of mechanically-connected beams system
shown in Fig. 1 were obtained in closed-from expressions. The equations
of motion of the connected beams were derived using Galerkin’s dis-
cretization method. The boundary value problem (BVP) of the
mechanically-connected beams system was consisted of five partial
differential equations and twenty boundary and continuity conditions.
Rather than solving a large and costly system of linear homogeneous
algebraic equations, the problem was reduced to a set of three equations
with three unknown constants and the corresponding system natural
frequencies. This approach mathematically saves time and cost when
dealing with a smaller system and makes the relation between the pa-
rameters of the mechanically-connected beams system clearer to un-
derstand. The characteristic equation from which the natural
frequencies were solved was obtained by setting the determinant of the
reduced coefficient matrix equal to zero. This equation was then solved
numerically to find the natural frequencies and mode shapes. The pre-
sented methodology was validated by comparing the obtained analytical
solution with the finite-element results. The closed-form expressions
derived in this work are more easily-handled, robust, and accurate
compared to the FEM approach. The analytical approach is beneficial for
developing reduced-order models of the nonlinear static and dynamic
behavior of mechanical systems using the Galerkin procedure.

The natural frequency of the single resonator splits into two closely
spaced frequencies in the system: one corresponding to an in-phase
mode and the other to an out-of-phase mode. Moreover, the effects of
the attachment point and coupling beam length on the natural fre-
quencies of the connected beams were also discussed. When the
coupling beam is attached at the middle of the resonator beams, i.e.,
50 % away from clamped-ends, three natural frequencies meet at a point
when the length of the coupling is Lc = 10 % of the primary beams
length. A similar phenomenon was observed when the coupling beam
was placed 80 % away from the clamped-ends. Finally, although the
vibration model presented in this paper is limited to a mechanically-
connected system composed of two clamped-free beams, it can be
easily modified and adapted to model with any array of mechanically
coupled beams.
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