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A B S T R A C T

A general framework of hybridizing experimentally-recorded load-induced thermal information by means of
thermoelastic stress analysis (TSA) of a loaded structure with the Michell solution of Airy stress function in
isotropic linear elasticity is proposed for in-plane stresses determination. The capability of the proposed hybrid
method in separating the TSA signals into individual stresses is demonstrated by stress-analyzing a deep U-
notched aluminum plate without neither knowing the entire geometry and distant loading/boundary conditions
nor using supplementary experimental information. Even though no experimental data were processed at,
and adjacent to, the edges of the U-notched plate, the individual stresses are determined throughout the
surface of the plate. Prior processing actual experimental TSA data, the accuracy and the stability of the
proposed hybrid method through adding artificial noise scatters in the processed simulated data with the
number of retained terms in the generalized Airy stress expressions are firstly investigated. The effects of the
superimposed noise scatters as well as the number of employed data in the evaluated stresses are also assessed.
Finally, the reliability of the determined hybrid-experimental stresses is supported through a comparison with
finite-element predictions and strain gauge measurements. The ease of implementation, the accuracy and the
precision of the evaluated stress, and the versatility to the type of employed data make the proposed hybrid
method more attractive and superior than other hybrid methods.
1. Introduction

Fracture and yield prevention as well as fatigue-life prediction ne-
cessitate the determination of the full-field stresses in loaded structures.
The stresses-evaluation approaches based on analytical methods and
numerical techniques are limited to simple geometries and structures
with well-defined external loading and boundary conditions (which
usually are unavailable in practice) [1–5]. Hence, experimental me-
chanics techniques are commonly used to capture the exact effects
of the loading and boundary conditions [6–8]. However, experimen-
tal data in the proximity of edges are usually unavailable or even
unreliable especially if the considered structure has abrupt internal
geometric discontinuities. The high stresses in the locality of these
geometric cutouts can significantly influence the structural reliabil-
ity [9,10]. The displacement-based experimental techniques such as
moiré interferometry, digital speckle pattern interferometry, and digital
image correlation (DIC), require a priori knowledge of material elastic
coefficients and spatial numerical differentiation in order to relate the
deformation with the failure parameters. Furthermore, experimental
techniques that are based on measuring load-induced information that
are related to the changes in stresses such as strain gauges, thermoelas-
tic stress analysis (TSA) and photoelastic stress analysis (PSA) require
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supplementary experiment and/or numerical analysis to extract the
individual stresses components [11–16]. Therefore, hybrid methods
are commonly used to couple the experimental information with a
numerical or an analytical tool (or both) to solve the aforementioned
situations in each of the individual experimental techniques [17–19].

Thermoelastic stress analysis (TSA) is commonly used to stress-
analyze loaded structures by utilizing an infrared camera to record
thermal information that are related under adiabatic condition to the
changes in the mechanical stresses [20–27]. Even through PSA and
strain gauges provide load-induced information as the TSA technique
does, the former require time-consuming installation and nonlinear
numerical analysis to obtain the individual stresses where the latter
provides the experimental results within minutes and require linear
analysis. The idea of hybridizing analytical and/or numerical analyses
with the thermal information is to make TSA as a quantitative, not just
a qualitative, engineering tool [28].

Cracks are commonly initiated from a side notch which character-
izes the integrity of a loaded structure. For instance, Ermin et al. [29]
and Shuai et al. [30] hybridized Williams series approximation and
theoretical field with DIC displacement measurements in order to char-
acterize the stress intensity factor (SIF) of crack initiated from a sided
vailable online 14 January 2023
167-8442/© 2023 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.tafmec.2023.103753
Received 23 November 2022; Received in revised form 22 December 2022; Accepte
d 5 January 2023

https://www.elsevier.com/locate/tafmec
http://www.elsevier.com/locate/tafmec
mailto:abdullah.alshaye@ku.edu.kw
https://doi.org/10.1016/j.tafmec.2023.103753
https://doi.org/10.1016/j.tafmec.2023.103753
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tafmec.2023.103753&domain=pdf


Theoretical and Applied Fracture Mechanics 124 (2023) 103753A.A. Alshaya
Nomenclature

ASF Airy Stress Function
𝐝∗ Vector of numerical values of processing

data and boundary conditions
𝐝Airy Vector of reconstructed values of 𝐝∗ by

means of hybrid-ASF method
𝐸 and 𝜈 Young’s modulus and Poisson’s ratio
𝐹 Applied concentrated tensile load
ℎ Number of employed tractions and/or dis-

placements conditions
𝑘 Number of determined Airy coefficients in

ASF, 𝛷
𝐾 TSA calibration factor
𝐿 Plate half-thickness
𝑚 Number of employed TSA data
𝑛𝑥 and 𝑛𝑦 Outward unit normals to the body surface
𝑁 Terminating index of the summation series

in ASF
 (0, 𝛾) Standard Gaussian function with 0-mean

and 𝛾-standard-deviation
𝑟, 𝜃 Polar coordinates
𝑅 Radius of a deep U-notch
𝑅∗ Region of processing measured data in

hybrid-ASF method
𝑆 Isopachic stress, 𝑆 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦 = 𝜎𝑟𝑟 + 𝜎𝜃𝜃
𝑆∗ Load-induced thermal information, i.e., TSA

signals
𝑡𝑥 and 𝑡𝑦 Surface tractions with respect to a unit area
𝑇̄𝑥 and 𝑇̄𝑦 Prescribed plane tractions
TSA Thermoelastic Stress Analysis
𝑢̄ and 𝑣̄ Prescribed in-plane displacements
𝑥, 𝑦, 𝑧 Cartesian (rectangular) coordinates
𝛼 and 𝛽 Summation convention in two dimensions

(𝑥, 𝑦), (𝑟, 𝜃), or (1, 2)
𝛤𝑢 and 𝛤𝑡 Boundaries with prescribed displacements

and tractions
𝛿𝛼𝛽 Kronecker delta
𝜆 and 𝜇 Lamè constants
𝜎𝛼𝛽 , 𝜖𝛼𝛽 , and 𝑢𝛼 In-plane stresses, strains, and displacements
𝜎𝑟𝑟, 𝜎𝜃𝜃 , and 𝜎𝑟𝜃 In-plane polar stresses
𝜎𝑥𝑥, 𝜎𝑦𝑦, and 𝜎𝑥𝑦 In-plane Cartesian stresses
𝛷 Airy stress function
𝛺 and 𝜕𝛺 Domain and boundary of a two-dimensional

loaded solid elastic body
∇2 Plane Laplacian operator

U-notched plate. Thermography was also used to determine SIF and
predict the fatigue crack propagation in loaded notched plates [31–
36]. Several empirical formulas for stress concentration factor (SCF)
and published literature information are available for single- or double-
edge notches [10,37–43], but little appears to be available for a deep
U-notch. Therefore, it is necessary to know the stress field around a
sided U-notched plate in order to prevent the initiation of a crack, and
hence, prevent sudden fracture of the engineering structure.

The plane elasticity solution of a loaded linear isotropic member
assuming no body forces can be obtained from the biharmonic equation
in terms of the Airy stress function (ASF). The general solution for
such equation is known as the Michell solution [5]. Analytical applica-
tions of the Michell solution to numerous elasticity problems including
2

mixed boundary value problems are available in [44–49]. One of the a
well-established hybrid method is based on using the Michell general
solution as the analytical ingredient of the hybrid method [28,50].
Unlike the analytical approach of determining the unknown coeffi-
cients of the ASF from the boundary condition, the hybrid method is
based on determining these coefficients from processing experimental
data and satisfying some of the known boundary conditions. Unlike
numerical and analytical approaches, the hybrid-ASF method satisfies
the equilibrium and compatibility conditions in their strong forms by
utilizing the ASF, and captures the effects of the external loading and
distant boundary conditions by processing experimental information.
This helps the proposed hybrid method to filter out the noises incorpo-
rated in the experimental data and overcome the traditional difficulties
of unreliable edge data.

The hybrid-ASF method was previously tested for diametrically-
loaded disk [51] and axially-loaded plates with different internal ge-
ometrical discontinuities, e.g., circular [52,53], elliptical [54,55], and
arbitrarily-shaped [56] holes, while processing experimental data in
the form of load-induced TSA information [51,52,54,56] and DIC dis-
placement measurements [53,55]. The method was then extended to
stress-analyze unsymmetrically-loaded plate with circular [57], ellipti-
cal [58], and arbitrarily-shaped [59] holes. By using thermoelasticity
and hybrid-ASF, Samad et al. [60] stress-analyzed a pin-loaded plate
and Lin et al. [61,62] separated the TSA signals of a loaded square
plate with a near-edge hole into the individual stresses. The full-field
individual stresses in a pinned wooden joint were obtained from gray-
field photoelasticity and hybrid-ASF [63]. Kalayciogli et al. determined
the experimental stresses of a concentrated-loaded finite structure with
arbitrarily- and irregularly-shaped exterior geometry and interior dis-
continuity using TSA [64] and DIC [65] measurements. The complex
representation of the ASF with analytic continuation and conformal
mapping was also used to stress-analyze loaded anisotropic structures
having traction-free geometric discontinuities using strain gauge [66],
moirè [67], PSA [68], TSA [38,69–71], and DIC [39] measurements.
However, the enforcement of the analytic continuation principle re-
quires traction-free boundaries unlike the present approach that is
applicable to loaded- and free-boundaries.

All of the previous applications of the hybrid-ASF method were
based on a coordinate system that is enclosed by the domain of the
loaded structure. These scenarios simplify the form of the Michell
general solution by assuming single-valued stresses and displacements,
symmetry along the horizontal and vertical axes and/or bounded
stresses and displacement at origin or infinity. Unlike the results
presented in [72], the main contribution of this paper is to extend the
capability of the hybrid-ASF method by utilizing the full form of the
ASF to stress-analyze a loaded finite aluminum plate with a single deep
U-notch whose coordinate system lies outside its domain. The advanta-
geous of processing surface temperature measurements from TSA is to
capture the exact loading conditions, while the traction-free boundaries
at the edges were discretely imposed in order to provide reliable full-
field stresses at and in the neighborhood of the deep U-notch. The
stability of the proposed hybrid-ASF method was tested through nu-
merical simulation by artificially deteriorating the processed simulated
thermoelastic signal data, and its reliability was demonstrated through
experimental verification by means of TSA technique. The accuracy of
the proposed method in determination of the in-plane stresses with
the number of retained terms in the expression of the Airy solution
while processing different set of data (based on its size and noise-level)
are investigated. The reliability of the hybrid-experimental results is
supported through a comparison with finite-element predictions and
strain gauge measurements.

2. Airy stress function (Michell solution)

2.1. Theory of plane elasticity

A two-dimensional loaded solid elastic body defined by a domain 𝛺

nd enclosed by a boundary 𝜕𝛺 is considered, Fig. 1. Although many



Theoretical and Applied Fracture Mechanics 124 (2023) 103753A.A. Alshaya
Fig. 1. Elastic solid body in a two-dimensional space.

stress analyses situations are really three dimensional in nature, when
possible it is convenient to assume plane-stress or plane-strain. The
basic equations of plane elasticity in isotropic medium with the absence
of the body forces are given as

𝜎𝛼𝛽,𝛼 = 0 (1a)

𝜖𝛼𝛽 = 1
2
(

𝑢𝛼,𝛽 + 𝑢𝛽,𝛼
)

(1b)

𝜎𝛼𝛽 = 𝜆𝛿𝛼𝛽𝜖𝑘𝑘 + 2𝜇𝜖𝛼𝛽 (1c)

where 𝜎𝛼𝛽 , 𝜖𝛼𝛽 , and 𝑢𝛼 are the in-plane stresses, strains, and displace-
ments, the Greek subscripts 𝛼 and 𝛽 imply the summation convention
in two dimensions, subscript ‘‘, 𝑖’’ denotes a partial derivative with
respect to the spatial coordinate 𝑖, 𝜆 and 𝜇 are the Lamè constants, and
𝛿𝛼𝛽 is the Kronecker delta. The portions of the supported and loaded
boundaries are denoted by 𝛤𝑢 and 𝛤𝑡, respectively. Therefore, the
displacement (essential) and tractions (natural) boundary conditions on
the boundaries 𝛤𝑢 and 𝛤𝑡, respectively, can be written as follows

𝑡𝑥 = 𝜎𝑥𝑥𝑛𝑥 + 𝜎𝑥𝑦𝑛𝑦 = 𝑇̄𝑥 and 𝑡𝑦 = 𝜎𝑥𝑦𝑛𝑥 + 𝜎𝑦𝑦𝑛𝑦 = 𝑇̄𝑦 on 𝛤𝑡 (2a)

𝑢 = 𝑢̄ and 𝑣 = 𝑣̄ on 𝛤𝑢 (2b)

where 𝑡𝑥 and 𝑡𝑦 are the surface traction (or load) with respect to a unit
area, 𝑛𝑥 = cos(𝐧, 𝐱) and 𝑛𝑦 = cos(𝐧, 𝐲) are the outward unit normals
to the surface of the body, 𝜎𝑥𝑥, 𝜎𝑦𝑦, and 𝜎𝑥𝑦 are the normal and shear
stresses in the 𝑥𝑦-plane, 𝑢 and 𝑣 are the in-plane displacement compo-
nents along the global coordinates, 𝑥- and 𝑦-axes, respectively. 𝑢̄ and 𝑣̄
and 𝑇̄𝑥 and 𝑇̄𝑦 are the prescribed displacements and traction (externally-
applied loads) on the boundary regions 𝛤𝑢 and 𝛤𝑡, respectively. The
traction-free boundary with no displacement or load enforcement can
be viewed as the extension of 𝛤𝑡. It is worth noting that 𝛤𝑡 ∪ 𝛤𝑢 = 𝜕𝛺
and 𝛤𝑡 ∩ 𝛤𝑢 = ∅.

2.2. Michell solution

For elastostatic plane problems governed in the domain space 𝛺, the
stress equilibrium, Eq. (1a), is identically satisfied by introducing the
Airy stress function 𝛷 where the imposing of the strains compatibility
condition, from Eq. (1b), gives the following biharmonic equation,

∇4𝛷 = ∇2∇2𝛷 =
(

𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2

)2
𝛷 =

(

𝜕
𝜕𝑟2

+ 1
𝑟
𝜕
𝜕𝑟

+ 1
𝑟2

𝜕
𝜕𝜃2

)2
𝛷 = 0

(3)

where ∇2 is the Laplacian operator defined in the plane Cartesian
and polar coordinate systems. The general solution, known as Michell
solution, of Eq. (3) in polar coordinates with 𝜃-dependence and periodic
in nature is given as [5]

𝛷(𝑟, 𝜃) = 𝑎 + 𝑏 ln 𝑟 + 𝑐 𝑟2 + 𝑑 𝑟2 ln 𝑟 +
(

𝐴 + 𝐵 ln 𝑟 + 𝐶 𝑟2 +𝐷 𝑟2 ln 𝑟
)

𝜃

3

0 0 0 0 0 0 0 0
+
(

𝑎1𝑟 + 𝑏1𝑟 ln 𝑟 +
𝑐1
𝑟

+ 𝑑1𝑟
3
)

sin 𝜃

+

(

𝑎′1𝑟 + 𝑏′1𝑟 ln 𝑟 +
𝑐′1
𝑟

+ 𝑑′1𝑟
3

)

cos 𝜃

+
(

𝐴1𝑟 + 𝐵1𝑟 ln 𝑟
)

𝜃 sin 𝜃 +
(

𝐴′
1𝑟 + 𝐵′

1𝑟 ln 𝑟
)

𝜃 cos 𝜃

+
𝑁
∑

𝑛=2,3,..

(

𝑎𝑛𝑟
𝑛 + 𝑏𝑛𝑟

𝑛+2 + 𝑐𝑛𝑟
−𝑛 + 𝑑𝑛𝑟

−(𝑛−2)) sin(𝑛𝜃)

+
𝑁
∑

𝑛=2,3,..

(

𝑎′𝑛𝑟
𝑛 + 𝑏′𝑛𝑟

𝑛+2 + 𝑐′𝑛𝑟
−𝑛 + 𝑑′𝑛𝑟

−(𝑛−2)) cos(𝑛𝜃) (4)

where 𝑟 and 𝜃 are the radial and angular (measured counterclockwise
from the positive 𝑥-axis) coordinates, Fig. 1, and 𝑁 is the terminal
index of the summation. The unknown constants, referred to as Airy
coefficients, are evaluated from the boundary conditions, Eq. (2).

2.2.1. In-plane stresses
The individual components of polar stresses are evaluated from the

Airy stress function as

𝜎𝑟𝑟 =
1
𝑟
𝜕𝛷
𝜕𝑟

+ 1
𝑟2

𝜕2𝛷
𝜕𝜃2

, 𝜎𝜃𝜃 = 𝜕2𝛷
𝜕𝑟2

,

𝜎𝑟𝜃 = − 𝜕
𝜕𝑟

( 1
𝑟
𝜕𝛷
𝜕𝜃

)

= 1
𝑟2

𝜕𝛷
𝜕𝜃

− 1
𝑟
𝜕2𝛷
𝜕𝑟𝜕𝜃

(5)

Therefore from Eqs. (4) and (5), the individual components of stresses
are

𝜎𝑟𝑟 =
𝑏0
𝑟2

+ 2𝑐0 + 𝑑0(2 ln 𝑟 + 1) + 𝐵0
𝜃
𝑟2

+ 2𝐶0𝜃 +𝐷0(2 ln 𝑟 + 1)𝜃

+
(

𝑏1
𝑟

−
2𝑐1
𝑟3

+ 2𝑑1𝑟
)

sin 𝜃 +

(

𝑏′1
𝑟

−
2𝑐′1
𝑟3

+ 2𝑑′1𝑟

)

cos 𝜃

+
2𝐴1
𝑟

cos 𝜃 +
𝐵1
𝑟

(𝜃 sin 𝜃 + 2 ln 𝑟 cos 𝜃)

−
2𝐴′

1
𝑟

sin 𝜃 +
𝐵′
1
𝑟

(𝜃 cos 𝜃 − 2 ln 𝑟 sin 𝜃)

−
𝑁
∑

𝑛=2,3,..

[

𝑎𝑛𝑛(𝑛 − 1)𝑟𝑛−2 + 𝑏𝑛(𝑛 + 1)(𝑛 − 2)𝑟𝑛

+ 𝑐𝑛𝑛(𝑛 + 1)𝑟−(𝑛+2) + 𝑑𝑛(𝑛 − 1)(𝑛 + 2)𝑟−𝑛
]

sin(𝑛𝜃)

−
𝑁
∑

𝑛=2,3,..

[

𝑎′𝑛𝑛(𝑛 − 1)𝑟𝑛−2 + 𝑏′𝑛(𝑛 + 1)(𝑛 − 2)𝑟𝑛

+ 𝑐′𝑛𝑛(𝑛 + 1)𝑟−(𝑛+2) + 𝑑′𝑛(𝑛 − 1)(𝑛 + 2)𝑟−𝑛
]

cos(𝑛𝜃) (6a)

𝜎𝜃𝜃 = −
𝑏0
𝑟2

+ 2𝑐0 + 𝑑0(2 ln 𝑟 + 3) − 𝐵0
𝜃
𝑟2

+ 2𝐶0𝜃 +𝐷0(2 ln 𝑟 + 3)𝜃

+
(

𝑏1
𝑟

+
2𝑐1
𝑟3

+ 6𝑑1𝑟
)

sin 𝜃 +

(

𝑏′1
𝑟

+
2𝑐′1
𝑟3

+ 6𝑑′1𝑟

)

cos 𝜃

+
𝐵1
𝑟
𝜃 sin 𝜃 +

𝐵′
1
𝑟
𝜃 cos 𝜃

+
𝑁
∑

𝑛=2,3,..

[

𝑎𝑛𝑛(𝑛 − 1)𝑟𝑛−2 + 𝑏𝑛(𝑛 + 1)(𝑛 + 2)𝑟𝑛

+ 𝑐𝑛𝑛(𝑛 + 1)𝑟−(𝑛+2) + 𝑑𝑛(𝑛 − 1)(𝑛 − 2)𝑟−𝑛
]

sin(𝑛𝜃)

+
𝑁
∑

𝑛=2,3,..

[

𝑎′𝑛𝑛(𝑛 − 1)𝑟𝑛−2 + 𝑏′𝑛(𝑛 + 1)(𝑛 + 2)𝑟𝑛

+ 𝑐′𝑛𝑛(𝑛 + 1)𝑟−(𝑛+2) + 𝑑′𝑛(𝑛 − 1)(𝑛 − 2)𝑟−𝑛
]

cos(𝑛𝜃) (6b)

𝜎𝑟𝜃 =
𝐴0

𝑟2
+ 𝐵0

ln 𝑟 − 1
𝑟2

− 𝐶0 −𝐷0(ln 𝑟 + 1)

+
(

−
𝑏1 +

2𝑐1
3

− 2𝑑1𝑟
)

cos 𝜃 −

(

−
𝑏′1 +

2𝑐′1
3

− 2𝑑′1𝑟

)

sin 𝜃

𝑟 𝑟 𝑟 𝑟
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U
p
c
D
t
s
d
A
i

2

l
s
a
t
s
d
a

f

N
𝐴
o

−
𝐵1
𝑟

(sin 𝜃 + 𝜃 cos 𝜃) −
𝐵′
1
𝑟

(cos 𝜃 − 𝜃 sin 𝜃)

−
𝑁
∑

𝑛=2,3,..

[

𝑎𝑛𝑛(𝑛 − 1)𝑟𝑛−2 + 𝑏𝑛𝑛(𝑛 + 1)𝑟𝑛

− 𝑐𝑛𝑛(𝑛 + 1)𝑟−(𝑛+2) − 𝑑𝑛𝑛(𝑛 − 1)𝑟−𝑛
]

cos(𝑛𝜃)

+
𝑁
∑

𝑛=2,3,..

[

𝑎′𝑛𝑛(𝑛 − 1)𝑟𝑛−2 + 𝑏′𝑛𝑛(𝑛 + 1)𝑟𝑛

− 𝑐′𝑛𝑛(𝑛 + 1)𝑟−(𝑛+2) − 𝑑′𝑛𝑛(𝑛 − 1)𝑟−𝑛
]

sin(𝑛𝜃) (6c)

The Cartesian stresses components can be evaluated from the polar
stresses using the standard transformation matrix,

⎧

⎪

⎨

⎪

⎩

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦

⎫

⎪

⎬

⎪

⎭

=
⎡

⎢

⎢

⎣

cos2 𝜃 sin2 𝜃 −2 sin 𝜃 cos 𝜃
sin2 𝜃 cos2 𝜃 2 sin 𝜃 cos 𝜃

sin 𝜃 cos 𝜃 − sin 𝜃 cos 𝜃 cos2 𝜃 − sin2 𝜃

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝜎𝑟𝑟
𝜎𝜃𝜃
𝜎𝑟𝜃

⎫

⎪

⎬

⎪

⎭

(7)

pon using Hooke’s law for stress–strain relations, Eq. (1c), and the
olar strain–displacement relations, one can obtain the radial and
ircumferential displacements, and hence, the Cartesian displacements.
etermination of individual stresses, strains, or displacements necessi-

ates evaluating the unknown Airy coefficients. Since the stress expres-
ions of Eq. (6) does not contain the coefficients 𝑎0, 𝑎1 and 𝑎′1 in Eq. (4)
ue to the differentiation in Eq. (5), therefore there are 𝑘 = 17 + 8(𝑁−1)
iry coefficients to be determined for a given summation terminal

ndex 𝑁 .

.2.2. Additional comments on Airy coefficients
The form of the Airy stress function in Eq. (4) depends on the

oading and boundary conditions, loading and geometrical symmetry,
elf-equilibrated at individual boundaries, single-valued stresses, strains
nd displacements, boundness values at origin or infinity, and whether
he considered structure is infinite or finite in size. If the coordinate
ystem is within the body structure, the single-valueless of stresses and
isplacements require the constants 𝑑0, 𝐵0, 𝐶0, 𝐷0, 𝐵1, 𝐵′

1 to be set zero
nd 𝑏1 = (1 − 𝜈)𝐴′

1∕2 and 𝑏′1 = − (1 − 𝜈)𝐴1∕2 where 𝜈 is the Poisson’s
ratio. The four latter coefficients are zero if the considered structure
is multi-connected, hence the individual boundaries are in equilibrium
and no resultant forces at the origin. In a simply-connected region,
these terms are single-valued if the coordinate is placed outside the
body or on its boundary. If the structure has loading and geometrical
symmetry about the horizontal 𝑥-axis, then the stress function is an odd
unction and should not contain sine terms (𝐴0, 𝑐1, 𝑑1, 𝑎𝑛, 𝑏𝑛, 𝑐𝑛, and
𝑑𝑛 are all vanished). If the symmetry holds along the 𝑥- and 𝑦-axes,
then only the even terms in the series expansion are retained, i.e., 𝑛 is
even. If the coordinate origin is within the structure (boundedness at
origin) or the structure is infinite in size (boundedness at infinity), then
the coefficients to prevent singularities of stresses and displacements
when the radial coordinates, 𝑟, approaches zero or infinity, respectively,
must be equated to zero. It is often possible to significantly reduce the
number of retained Airy coefficients by satisfying some of the boundary
conditions analytically [57].

3. Hybrid-ASF method

The classical plane problem of elasticity involves determining the
Airy coefficients in the expressions of the stresses, Eq. (6) (and hence
the strains and displacements) using the boundary conditions defined
in 𝜕𝛺, Eq. (2). Unlike the classical approach, these Airy coefficients are
numerically determined in a least-squares sense from possessing mea-
sured data in the from of displacements, strains, or stresses with their
corresponding analytical form. The experimental data can be originated
from a region 𝑅∗ that is within the structure domain, i.e., 𝑅∗ ⊆ 𝛺.
The distant loading and/or boundary conditions are not necessary to
be well-defined in order to evaluate the Airy coefficients which render
4

the possibility of analyzing real-life engineering applications in their
operating condition. Once the Airy coefficients are evaluated from
the processed data, the hybrid full-field stresses in the whole domain
of the structure, 𝛺, can be determined from Eq. (6). The measured
information on and near the edges are usually unreliable and hence can
be disregarded, and only the interior data is processed into the hybrid-
ASF method to predict the full-field as well as the boundary stresses.
Although the general concepts of the hybrid-ASF method are applicable
to multiple cutouts, arbitrarily-shaped boundaries, complicated internal
discontinuities, complex loading conditions, and various processed ex-
perimental data, the current paper stress-analyze a loaded aluminum
plate with a deep U-notch using TSA and the full form of ASF, Eq. (4).

3.1. Separation of stresses from load-induced measurements

Experimental techniques such as TSA and PSA provide recorded
data of a loaded structure as a function of the in-plane stresses. There-
fore, it is necessary to separate the individual stresses from the recorded
data. For instance, the recorded surface temperatures of a cyclically-
loaded isotropic structure under adiabatic condition is linearly propor-
tional to the changes in the isopachic stress (the sum of the normal
stresses), 𝑆 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦 = 𝜎𝑟𝑟 + 𝜎𝜃𝜃 . From Eq. (6), 𝑆 can be written as

𝑆 = 4𝑐0 + 4𝑑0(ln 𝑟 + 1) + 4𝐶0𝜃 + 4𝐷0(ln 𝑟 + 1)𝜃 +
(

2𝑏1
𝑟

+ 8𝑟𝑑1

)

sin 𝜃

+

(

2𝑏′1
𝑟

+ 8𝑟𝑑′1

)

cos 𝜃

+
2𝐴1
𝑟

cos 𝜃 +
2𝐵1
𝑟

(𝜃 sin 𝜃 + ln 𝑟 cos 𝜃) −
2𝐴′

1
𝑟

sin 𝜃

+
2𝐵′

1
𝑟

(𝜃 cos 𝜃 − ln 𝑟 sin 𝜃)

+ 4
∞
∑

𝑛=2,3,..

[

𝑏𝑛(𝑛 + 1)𝑟𝑛 − 𝑑𝑛(𝑛 − 1)𝑟−𝑛
]

sin(𝑛𝜃)

+
[

𝑏′𝑛(𝑛 + 1)𝑟𝑛 − 𝑑′𝑛(𝑛 − 1)𝑟−𝑛
]

cos(𝑛𝜃) (8)

otice that 𝑆 is a function of (𝑐0, 𝑑0, 𝐶0, 𝐷0, 𝑏1, 𝑑1, 𝑏′1, 𝑑′1, 𝐴1, 𝐵1,
′
1, 𝐵′

1, 𝑏𝑛, 𝑑𝑛, 𝑏′𝑛, 𝑑′𝑛) whereas the individual stresses are functions
f the same coefficients in 𝑆 in addition to (𝑏0, 𝐴0, 𝐵0, 𝑐1, 𝑐′1, 𝑎𝑛, 𝑐𝑛,

𝑎′𝑛, 𝑐′𝑛). As a result, it is not sufficient to use only the isopachic stress
to evaluate all the Airy coefficients. Therefore, some of the known
boundary conditions should be analytically or discretely imposed in
order to evaluate all the unknown coefficients.

Suppose that the 𝑚 values of the isopachic stress data are known
at arbitrarily locations within the region of interest 𝑅∗ and there are
additional ℎ known tractions, Eq. (2a), and/or displacements, Eq. (2b),
boundary conditions, a linear system of simultaneous equations can be
constructed,

𝐀𝐜 = 𝐝∗ (9)

where the matrix 𝐀 ∈ R(𝑚+ℎ)×𝑘 consists of the analytical expressions
of the 𝑚 isopachic stress 𝑆, Eq. (8), and the ℎ known stresses and/or
displacements, 𝐜 ∈ R𝑘×1 is the vector containing the unknown Airy co-
efficients, and 𝐝∗ ∈ R(𝑚+ℎ)×1 is the vector containing the corresponding
values of the known 𝑚 isopachic stresses in addition to the ℎ boundary
conditions. To overcome the noise incorporated with the experimental
data, it is necessary to process 𝑚 + ℎ measured input data that are
larger than the number of the retained unknown Airy coefficients, 𝑘,
i.e., (𝑚 + ℎ) ≫ 𝑘. The resultant overdetermined system is solved in a
least-squares numerical sense in order to provide the optimum solution
of the 𝑘 Airy coefficients,

𝐜 =
(

𝐀𝑇𝐀
)−1 𝐀𝑇 𝐝∗ (10)

Once 𝐜 is determined, the counterpart of the processed data, 𝐝∗, can
be evaluated as 𝐝Airy = 𝐀𝐜. The appropriate number of retained Airy
coefficients is chosen based on minimizing the difference between the

∗ ∗
processed data, 𝐝 , and its counterpart predictions, 𝐝Airy, i.e., ‖𝐝 −
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Fig. 2. Flowchart of the hybrid-ASF method for stresses separation when processing
isopachic stress data.

𝐝Airy‖. Once determining the Airy coefficients, the stresses can be
determined from Eq. (6) throughout the structure domain 𝛺 as

𝝈𝑟𝑟 = 𝜮𝑟𝑟𝐜 𝝈𝜃𝜃 = 𝜮𝜃𝜃𝐜 𝝈𝑟𝜃 = 𝜮𝑟𝜃𝐜 (11)

where 𝝈𝑟𝑟,𝝈𝜃𝜃 , and 𝝈𝑟𝜃 are column vector containing the corresponding
values of the in-plane stresses 𝜎𝑟𝑟, 𝜎𝑟𝜃 and 𝜎𝑟𝜃 and 𝜮𝑟𝑟,𝜮𝜃𝜃 , and 𝜮𝑟𝜃
are real and rectangular coefficients matrices that are functions of
the spatial locations (𝑟, 𝜃) and defined from Eq. (6). A flowchart for
the determination of the hybrid-stresses using Airy stress function and
isopachic stress data is depicted in Fig. 2.

It is worth mentioning that the hybrid-ASF method depends on:
(1) the amount of the processed data, 𝑚, in the region of interest, 𝑅∗,
and their locations, (2) the additional ℎ imposed boundary conditions,
(3) the terminal index, 𝑁 , in the Airy stress expressions, and (4) the
accuracy of the processed data. The effects of these parameters on the
accuracy of the determined full-field stresses will be outlined in the
subsequent sections.

4. Deep U-notched plate

4.1. Material and geometry

The in-plane stresses of a loaded finite-width aluminum plate with
a deep U-notch as shown in Fig. 3 are determined from hybridizing
the isopachic stress (from thermoelastic signals) with the ASF. The
5

2𝐿 = 5mm thick, 86 mm wide and 125 mm long plate has 2𝑅 = 2mm
wide and 67 mm deep U-notch. The plate is subjected to a concentrated
tensile load of 𝐹 = 356N, and the coordinate’s origin is at the center
of the circular part of the U-notch. Since the origin is located outside
the structure boundary (the periodicity of the solution in terms of 𝜃 is
not applied) and the domain size is finite, all terms of the ASF were
retained, Eq. (4).

The full form of the Airy stress function and the loading and geo-
metrical symmetric along the horizontal 𝑥-axis require the enforcement
of zero shear stress along the horizontal line of symmetry, 𝑦 = 0.
Therefore, the boundary conditions in terms of stresses as shown in
Fig. 4 are written as

𝜎𝑟𝑟(𝑅, 𝜃) = 𝜎𝑟𝜃(𝑅, 𝜃) = 0, for 𝜋∕2 ≤ 𝜃 ≤ 𝜋 (12a)

𝜎𝑦𝑦(𝑥,𝑅) = 𝜎𝑥𝑦(𝑥,𝑅) = 0, for 0 ≤ 𝑥∕𝑅 ≤ 66 (12b)

𝜎𝑥𝑥(−20𝑅, 𝑦) = 𝜎𝑥𝑦(−20𝑅, 𝑦) = 0, for 0 ≤ 𝑦∕𝑅 ≤ 20 (12c)

𝜎𝑥𝑥(66𝑅, 𝑦) = 𝜎𝑥𝑦(66𝑅, 𝑦) = 0, for 1 ≤ 𝑦∕𝑅 ≤ 20 (12d)

𝜎𝑥𝑦(𝑥, 0) = 0, for − 20 ≤ 𝑥∕𝑅 ≤ −1 (12e)

where 𝑅 is the radius of the notch. These conditions can be imposed
discretely (point-wise) at multiple locations on the traction-free bound-
aries of the U-notch’s edge and the two outer (left and right) vertical
edges of the plate.

4.2. Three-Dimensional finite-element model

For a comparison with the hybrid-TSA results and conducting an
experimental numerical simulation to assess the performance and the
applicability of the proposed hybrid-ASF method, a finite element
analysis (FEA) using Ansys Mechanical APDL package was prepared
for the finite plate of Fig. 3. The elastic properties are 𝐸 = 70GPa and
𝜈 = 0.33. Due to the symmetry, only the upper half part of the plate was
modeled with symmetrical boundary condition along the areas 𝑦 = 0
and 𝑧 = 0, Fig. 5. The eight-node solid linear elements (Solid185) were
employed, and the FE model was divided into 25 planar layers across
the plate thickness, i.e., the distance between two successive planes
is 0.1 mm. For each plane layer, the FE model was divided into six
different areas. For the area 𝑥∕𝑅 < 0 and 𝑦∕𝑅 < 20 that contains the
circular notch, mapped meshing was utilized such that the boundary
of the notch tip was discretized into 100 segments, i.e., element size ≈
0.0157 mm, and the radial and transverse lines were discretized into 76
segments, i.e., element size = 0.25 mm. The rest of the five areas were
meshed accordingly such that the changes in the maximum stress of the
mid-plane, 𝑧∕𝐿 = 0, between two successive meshing is less than 2%.
The employed FE-model utilizes 691,625 elements and 729,092 nodes,
Fig. 5.

4.2.1. Mid-plane and surface stresses
The variations of the numerically-predicted vertical stress, 𝜎𝑦𝑦,

along the lines of symmetry for different depths 𝑧∕𝐿 and along the
thickness for different values of 𝑥∕𝑅 are depicted in Fig. 6. It is clear
that there is a difference between the predicted stresses on the surface
(𝑧∕𝐿 = 1) and the middle (𝑧∕𝐿 = 0) planes at 𝑥∕𝑅 = −1. This behavior
agrees with the findings in [36,61,73] such that the difference between
the mid-plane and surface stresses increases with the increasing of the
plate’s thickness. These differences become negligible when 𝑥∕𝑅 <
−4.0.

The full-field in-plane stresses on the middle and surface planes are
shown in Fig. 7. For purpose of visualization, the in-plane stresses on
the both planes were plotted together where the upper part corresponds
to the mid-plane stresses and the lower part corresponds to the surface
stresses. The 𝑥𝑦-plane stresses throughout the plate’s thickness are
uniform except in the vicinity of the notch’s tip. As will be shown later
when employing measured surface temperatures beyond the traction-
free edges, the processing of the experimental data into the solution of
the ASF enables the determination of the plane stresses.
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Fig. 3. (a) Plate geometry and dimensions and (b) the specimen with black paint for thermoelastic stress analysis.
Fig. 4. Traction-free boundary conditions.

Fig. 5. Meshed FEM with dense meshing adjacent to the U-notch.

4.3. Simulated isopachic stress data

FEA was used to obtain the 𝑚 in-plane isopachic stresses, 𝑆FE. Stan-
dard Gaussian function  with a zero mean and 𝛾 standard deviation
was used to simulate the superimposed noise scatter. The processed
isopachic data, 𝑆, in the hybrid-ASF were deteriorated using artificial
6

noise scatters such that 𝑆 = 𝑆FE + (0, 𝛾)𝑆FE. The data were randomly
originated from a region 𝑅∗ that is 2mm away from the U-notch
boundary and the left and right vertical edges. The reason of not
processing boundary data in the hybrid-ASF method is to demonstrate
its capability in determining the boundary stresses using only the
interior isopachic data. Traction-free boundary conditions along each
of the free-edges were imposed at 0.1𝑚 discrete points, Eq. (12). Once
the unknown Airy coefficients are determined from Eq. (10) using
the 𝑚 noisy-processed data and ℎ = 9 × 0.1𝑚 traction-free boundary
conditions, the in-plane stresses throughout the plate are obtained from
Eq. (11). The hybrid-evaluated stresses are then compared with their
counterparts from the FE predicted stresses. The following quantity
was used to measure the difference between the hybrid-evaluated and
FE-predicted stresses,

𝛹 =
‖𝝈FE

𝛼𝛽 − 𝝈hybrid
𝛼𝛽 ‖

‖𝝈FE
𝛼𝛽‖

× 100, 𝛼, 𝛽 = 𝑥, 𝑦 or 𝑟, 𝜃 (13)

where ‖⋅‖ is the second norm. The purpose of the numerical experiment
is to assess the effects of the terminal index, 𝑁 , in the ASF, the noise
level quantified by 𝛾, the amount and location of the processed data in
separating the full-field stresses from isopachic stress.

4.3.1. Number of retained terms in ASF
The number of series terms, 𝑁 , in ASF of Eq. (4) was selected

based on minimizing the norm difference between the 𝑚 processed
noisy data with 𝛾 = 10% and 0.9𝑚 traction-free conditions, vector
𝐝∗, with their predicted counterpart, 𝐀𝐜, from the hybrid method,
i.e., ‖𝐀𝐜 − 𝐝∗‖, as shown in Fig. 8(a). Upon retaining additional terms
in ASF where 𝑘 = 17 + 8(𝑁 − 1) and 𝑁 ≥ 2, the difference between
the predicted, 𝐀𝐜, and processed, 𝐝∗, data is decreased until the matrix
coefficient, 𝐀, becomes unstable, due to its large condition number. The
minimum number of Airy coefficients to retain depends on the number
of processed data, 𝑚. For instance, processing 𝑚 = 250 isopachic data
necessitate retaining at most 𝑘 = 57 (𝑁 = 6) coefficients comparing
when processing 𝑚 ≥ 1000 data which require retaining at most 𝑘 =
49 (𝑁 = 5) coefficients in the ASF. Even though only the interior
isopachic stress data were processed, the hybrid-ASF method was able
to separate the isopachic stress into the individual stress components.
The hybrid-evaluated stress components throughout the plate (includ-
ing the boundary where no information were processed) are compared
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Fig. 6. Numerically-predicted vertical stress, 𝜎𝑦𝑦, at 𝑦 = 0 and (a) along the lines of symmetry 𝑥∕𝑅 for different depths 𝑧∕𝐿 and (b) through the thickness 𝑧∕𝐿 for different values
of 𝑥∕𝑅.

Fig. 7. Contour plots of (a) isopachic stress 𝑆 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦, (b) 𝜎𝑥𝑥, (c) 𝜎𝑦𝑦, and (d) 𝜎𝑥𝑦 in (MPa) on the middle (upper) and surface (lower) planes.



Theoretical and Applied Fracture Mechanics 124 (2023) 103753A.A. Alshaya
Fig. 8. The variation of the norm difference between the (a) processed data 𝑑∗, (b) radial stress 𝜎𝑟𝑟, (c) tangential stress 𝜎𝜃𝜃 , and (d) shear stress 𝜎𝑟𝜃 from the hybrid-ASF method
with FE-predictions when using different number of retained coefficients, 𝑁 , 𝛾 = 10% and different number of randomly-located processed data, 𝑚, in the region 𝑅∗.
with the FE-predicted stresses as shown in Figs. 8(b) to 8(d). Even
though the processed data were artificially deteriorated, the hybrid-
evaluated stress are 20% within the FE-predicted stresses. Therefore,
Fig. 8 suggests of selecting an appropriate number of retaining coef-
ficients in ASF, Eq. (4), that simultaneously stabilize the coefficient
matrix 𝐀, and minimize the difference between the processed data and
its counterpart evaluated in a least-squares sense.

4.3.2. Assessing the effects of the number of employed data
From the previous analysis, it is appropriate to retain 𝑘 = 49 (𝑁 = 5)

coefficients in the ASF of Eq. (4). The variation of the norm difference
between the hybrid-evaluated and FE-predicted stresses with the num-
ber of employed data, 𝑚, for different noise levels, 𝛾, are illustrated in
Fig. 9. It worth to mention that each data point in Fig. 9 represents
the average of 10 different sets of 𝑚 randomly-located data in the
region 𝑅∗. It is clear from Fig. 9(a) that the hybrid-ASF filters out the
artificially added noise in the processed data. The larger the noise level
added to deteriorate the processed data, the larger the difference be-
tween the processed, 𝐝∗, and the re-constructed, 𝐀𝐜, vectors is. This can
be supported by the consistency of the hybrid-evaluated stresses for a
large set of employed data 𝑚 > 2000 regardless of the added noise levels
in the processed data. For a set of 𝑚 ≤ 2000 data points, adding artificial
noise/scatter into the processed data deteriorates the accuracy of the
obtained hybrid-stresses. The evaluated tangential stress correlates very
well with the FE-predicted stresses (within 10%) compared to the radial
8

(within 30%) and shear (within 35%) stresses, Figs. 9(c) vs. 9(b) and
9(d). This is because of the larger magnitudes of the former comparing
to the latters. Hence, it is necessary to employ larger data set when
processing actual experimental information in order to obtain accurate
and precise hybrid-stresses.

4.3.3. Assessing the effects of the added noise level in the processed data
Fig. 10 shows the norm difference between the hybrid-evaluated

and FE-predicted stresses with the artificial added noise level, 𝛾, for dif-
ferent number of employed data, 𝑚. The hybrid-ASF does filter out the
artificially added noise into the processed data, Fig. 10(a), but do not
guarantee the accuracy of the determined hybrid stresses, Figs. 10(b)
to 10(d), for noisy deteriorated data. The larger the employed data
set is, the accurate the hybrid-evaluated stresses are. For instance, the
evaluated stresses start to deviate from the FE-predicted stresses for
𝑚 ≤ 1000 employed data at the noise level of 𝛾 = 20%. However, for a
data set of 𝑚 ≥ 2000, the evaluated stresses at the noise level of 𝛾 = 40%
start to deviate from the FE-predicted stresses. Beyond the noise level
of 𝛾 > 50%, the hybrid-ASF starts to fail in predicting accurate stresses.

4.4. Thermoelastic Stress Analysis (TSA)

Experimental TSA technique provides the full-field thermal stresses
of actual loaded structures that are operated in their working en-
vironment. Since the induced loading information is related to the
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Fig. 9. The variation of the norm difference between the (a) processed data 𝑑∗, (b) radial stress 𝜎𝑟𝑟, (c) tangential stress 𝜎𝜃𝜃 , and (d) shear stress 𝜎𝑟𝜃 from the hybrid-ASF method
with FE-predictions when using different number of employed data, 𝑚, in the region 𝑅∗ and different values of noise levels, 𝛾.
temperature changes (also known as TSA signals), sensitive infrared
camera is usually used to record such thermal information. TSA has
a sensitivity that is comparable with the strain gauges. The isotropic
structure has to be cyclically loaded to satisfy adiabatic and reversible
conditions in order to linearly relate the isopachic stresses, 𝑆, to
the load-induced TSA thermal information, 𝑆∗, at a certain location,
i.e., 𝑆∗ = 𝐾𝑆, where 𝐾 is a TSA calibration factor (thermoelastic
material coefficient). This coefficient which depends on the used TSA
system parameters, the surface conditions of the loaded structure,
and the physical properties of the material is determined experimen-
tally [74]. From thermodynamic reasons, the induced cyclic loading
provides unreliable recorded TSA data at the edges (pixels can straddle
the boundary).

4.4.1. Experimental setup and data processing
The specimen of Fig. 3 was initially polished with 400 grit sand pa-

per and then painted with a coating of Krylon Ultra-Flat black paint to
enhance and uniform its emissivity. Precaution was taken when sanding
the faces of the specimen not to round-off the edges in the proximity
of the U-notch which could affect the quality of the recorded thermal
information. The plate was sinusoidally loaded in a 20 kips capacity
MTS hydraulic testing machine with a mean load of 𝐹𝑚 = 1068N, a
load range of 𝛥𝐹 = 356N, and a frequency of 30 Hz, Fig. 11. Hence,
the load ratio is 0.7143. The corresponding load-induced information,
𝑆∗, were recorded using a Delta Therm Stress Photonics TSA system
9

software (model DT1410) which have a sensor array of 256 × 256
pixels. To have accurate thermal information readings, a liquid nitrogen
is used to cool down the system in order to maintain the sensor at a
very low temperature. The camera was aligned perpendicular to the
surface of the plate, Fig. 11(a). The plate was loaded at different cyclic
rates while monitoring the phase information provided in order to
ensure the adiabatic conditions are prevailed at the employed loading
frequency. TSA images were captured and averaged over two minute
duration, and then converted each pixel (of size 0.35 mm) into a data
point, i.e., 256 by 256 matrix. The thermoelastic coefficient 𝐾 was
evaluated from a separate uniaxial tensile coupon of the same material,
thickness and flat black paint coating, and the coupon was tested on the
same day, frequency and TSA arrangement as the U-notched plate. The
thermoelastic coefficient was determined to be 𝐾 = 212U∕MPa. The
unit [U] is used to signify the raw TSA output, in uncalibrated signal
units. Detailed experimental information regarding data acquisition,
processing, and analyzing can be found in [75].

Since the plate geometry and loading are symmetrical about the
horizontal 𝑥-axis, the upper and lower recorded thermoelastic data, 𝑆∗,
of Fig. 11(b) were first averaged. Recognizing the unreliability of the
TSA data on and near edges, no recorded TSA information was used
within at least three to six pixels positions (1.1 to 2.1 mm) of the
boundary, Fig. 12. Only the 𝑚 = 10,461 thermal values of 𝑆∗ originated
at the locations shown in Fig. 13 were processed with the ASF. Like
most experimental data, the recorded 𝑆∗ includes some noise which
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Fig. 10. The variation of the norm difference between the (a) processed data 𝑑∗, (b) radial stress 𝜎𝑟𝑟, (c) tangential stress 𝜎𝜃𝜃 , and (d) shear stress 𝜎𝑟𝜃 from the hybrid-ASF method
with FE-predictions when using different values of superimposed noise levels, 𝛾 and different number of employed data, 𝑚, in the region 𝑅∗.

Fig. 11. (a) Experimental test setup for recording temperature variations of (1) finite plate with U-notch using (2) Delta Therm model DT1410 infrared camera, (3) computer to
analyze the recorded image data, (4) the loading frame of the MTS testing machine, (5) the control panel of the servo-hydraulic testing machine, and (6) TSA image of loaded
specimen and (b) TSA image with load range of 356 N and frequency 30 Hz.
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Fig. 12. Source locations of the selected TSA data and the locations of the imposed
boundary conditions and the line of symmetry.

Fig. 13. Source locations of employed 𝑆∗ data (𝑚 = 10,461 data points).

necessitates collecting more measured input values than the number
of unknown coefficients. Furthermore, ℎ = 500 × 9 = 4500 boundary
conditions were imposed at 500 equally-spaced discrete points on each
of the nine relevant expressions in Eq. (12) on the lines of Fig. 4.
The number of equations, 𝑚 + ℎ = 14961, exceeds the number of
retained Airy coefficients, 𝑘, which necessitate solving the resultant
overdetermined system in least-squares sense, Eq. (10).

4.4.2. Results of hybrid stresses
The number of retained Airy coefficients was selected based on the

rms difference between the processed data 𝐝∗ and the reconstructed
one, 𝐝Airy, as shown in Fig. 14(a). The 𝑘 = 49 Airy coefficients were
retained since the rms difference is increased beyond this value. The
selection of this value is also supported by comparing the reconstructed
image from the hybrid-ASF method with the recorded 𝑆∗ data as shown
in Fig. 14(b).

Fig. 15(a) shows the hybrid stresses along the line of symmetry,
−22 ≤ 𝑥∕𝑅 ≤ −1 and 𝑦 = 0, with the FE-predictions where Figs. 15(b)
through 15(d) illustrate the contour plots of the polar stresses. Even
though no thermal information in the proximity of the U-notch edges
were employed in the hybrid-ASF method, the obtained results from
the discrete TSA input values, 𝑆∗, agree virtually with finite-element
predictions throughout the specimen.
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4.5. Strain gauge analysis

The present hybrid approach was further validated by comparing
the obtained hybrid strains at the static load of 356 N (80 lb) with
those from small commercial foil strain gauges mounted away from the
boundary of the U-notch by 2.5 mm on the front surface, Fig. 16(a), and
2.0 and 2.8 mm on the back surface, Fig. 16(b). Four single-element
Micro-Measurements strain gauges (EA-06-015DJ-120), each having
gauge resistance of 120.0 ± 0.3%Ω and gauge factor of 2.05 ± 1.0%,
were mounted along the line 𝑦 = 0 on the specimen (two gauges on
the front face and two on the back face). One of the four gauges was
malfunctioned. The present gauges were mounted using standard strain
gauge procedures suggested by Vishay Micro-Measurements. The rec-
ommended conditioners and neutralizers were used on the aluminum
before mounting the gauges. M-Bond 610 adhesive was utilized in
conjunction with a 200 Catalyst-C for good adhesion and long-time
stability. A protective air drying polyurethane coating, M-Coat, was
applied over the gauges and their wires after the adhesive had dried. Al-
though the gauges were not ‘tuned’ for aluminum, they were mounted
and the testing was conducted at room temperature so no dummy tem-
perature compensating gauges were employed. Figs. 16(c) and 16(d)
show the test arrangement for recording the strain gauge data. There
photographs includes the overall testing of the deeply grooved finite
plate, and associated strain gauge cables and instrumentation.

Fig. 17(a) shows the linear response of the recorded strains with the
load levels of plate. All strain-gauge results were recorded under both
incremental increasing and decreasing static loading. The strain gauge
tests were conducted under individual loading and after removing the
black paint from the TSA-tested plate. Fig. 17(b) compares the strains
induced from an equivalent static load of 𝐹 = 356N along the line
𝑦 = 0 obtained from hybrid-ASF method with those from FEM and strain
gauges. The good agreement in Fig. 17(b) supports the reliability of the
proposed hybrid method and its ability in obtaining reliable individual
stresses from processing only recorded thermal information beyond the
edges of internal discontinuities.

5. Conclusions

The full-field in-plane stresses of a finite plate with a deeply grooved
U-notch has been determined by processing the load-induced TSA
signals with ASF, together with discretely imposing some of the known
boundary conditions, and without neither knowing the far-field applied
loading nor using any supplemental experimental information in the
form of measured isoclinics or ischromatics (from PSA) or displace-
ments (from DIC). Even though no recorded TSA data along, and
adjacent to, the deep U-notch were employed (due to unreliability
or even unavailability of such information), the hybrid-ASF evaluates
accurate boundary (edge) information and provides reliable full-field
data, i.e., filtering out the experimental noise/scatter and smoothing
the results, from only processing the interior TSA data. Although the
present hybrid-ASF is applicable to stress-analyze complicated prob-
lems experimentally which cannot be analyzed numerically, the FEM
was used to predict numerical results with which to validate the ob-
tained experimental results. The reliability of the experimental hybrid
results was also supported through comparison with strain gauges
measurements. It is worth mentioning that the proposed hybrid-ASF
method is applicable to single and multiple cutouts, loaded and free
boundaries, various loading conditions, complicated internal disconti-
nuities, complex external geometries, and various types of processed
experimental data. However, since the Michell general solution of ASF
was employed as the analytical ingredient of the hybrid method, it is

only limited to linear elastic isotropic response.
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Fig. 14. (a) The rms of the difference between the processed and reconstructed thermoelastic data versus the number of retained Airy coefficients, 𝑘 (𝑚+ℎ = 14,961 data points)
and (b) 𝑆 = 𝑆∗∕𝐾 in MPa from TSA (upper) and reconstructed using ASF (lower).

Fig. 15. (a) Variations of the normal stress 𝜎𝑦𝑦 along the line 𝑦 = 0 and contour plots of the polar stresses: (b) radial stress, 𝜎𝑟𝑟, (c) tangential stress, 𝜎𝜃𝜃 , and (d) shear stress 𝜎𝑟𝜃
in (MPa) from FEM (upper) and hybrid method (lower) using 𝑚 + ℎ = 14,961 data points and 𝑘 = 49.
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Fig. 16. Specimen’s (a) front and (b) back surfaces with mounted strain gauges, and (c) and (d) the experimental testing setup for measuring the vertical strain of the deeply
grooved finite plates using the strain gauges.
Fig. 17. (a) Recorded strains for different static loadings and (b) vertical strains 𝜀𝑦𝑦 along the line 𝑦 = 0 with a load of 𝛥𝐹 = 356N from strain gauges, FEM, and hybrid method
using 𝑚 + ℎ = 14,961 data points and 𝑘 = 49.
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